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Roots of equation
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Preface

In Unistar's Solved Previous Years’ Papers Mathematics B.Sc-iI1, 1 have tried to
make the solutions simpler and easily understandable to our students for whom this book
has been written. Chapters have been divided as per new semester system. My esteemed
friends, while patronizing this book for their classroom instruction will certainly enjoy it.
I am confident that students will earn a lot of benefit out of it and make this book as their
permanent companion. ;

I am very thankful to Prof. Anil Makkar (D.A.V. College, Abohar), Dr. Neela
Pawar (MCM D.A.V. College for Women, Chandigarh) and Dr. Neeraj Chamoli (D.A.V.
College, Chandigarh) for their constructive guidance.  am also thankful to the editorial
team of Unistar Books who efficiently worked in bringing up the book.

1 have taken care to ensure that the text is free from errors. If a learner finds any
error in the text, please send the same. I shall welcome your constructive criticism and

suggestions to update the book from time to time.

Rakesh Kumar
unistarsolutions@gmail.com
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MATHEMATICS
Paper—1I: Analysis

Sol.

()

Sel.

SECTION-A

() Define equivalent set and prove that set of integers is equivalent fo set of
natural numbers.

A set A is equivalent to set B, written as A ~ B

If there exists a function f: A — B which is one-one and onto

LetZ={.-3,-2,-1,0,1,2 3, ...} be set of integers then 3 a function f: N — Z

defined by

ﬁm ; If n is even natura! number
fm=12
lmMII. ; If n is odd natural number :
Here fis one-one onto
Z~N

=

B
PRI Sl
n

J

Evaluate Lt L (P,f), where fx)=x"and p= PWQW,
non

3w

—

f(x) =x"is monotonically increasing and bounded in [0, 1
Divide [0, 1]into n equal parts, each of Nmmmﬂwwu so that

n

H

wLo_wwm?.,mi is a partition of [0, 1]
L nn n

Comparing it with P = {x, = 0, x|, X2 ..., Xp = 1}, we have,

i
x=—fori=12,3, ..., n
n

Now §, =

= e

Ewnmxmu_vumxmlvmu MIIJ mbazwnwmxmvnan.ﬁ«_.
n ) " oin
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Sol.

Mathematics

ind) ? (cos 6)° d

i1
T22 (=
- —+1
r|-2 +W4|~
2 2
| \
14 \2) 1 la)\4)
=— _ i -
“ 3 4 ﬁﬁwwﬁ 2
4 /h.. 4
m 2
Jr AM ) J
- ﬁﬁu lwW =Jn
4 2n \4) (4
_1V2 ﬂT
§Jul \4
/2 N 3 2
Prove that .*\ ax - n(a +wv
Ja’sin®s + bPeos’x 4a°b
A
1 T
We have [———————dr=— n
Jatcos’ x+ b sin’ x ab
Diff. both sides w.r.t. ‘a’ and using Leibnitiz’s rule
ﬂw -2acos” x T
8 Aaw cos’ x+bisintx) 2a°h
\N.N\ OOmuk T
- &= @
_. 2 4a’h

o 2 2 2
0 AQN Cos” x+07 OOmN v

Similarly diff. (1) w.r.t. ‘b’ using Leibnitz’s rule

Analysis s
A .
f sin® x 7
fr = ®
; ? cos’ x +57sin’ x) 4ab
Adding (2) and (3)
4 2 .
g. cos’ x+sin x e T, n
TUA = -
i {a* cos’ x + 7 sin? x) 4a’h 4ok’
R 1 : b H i N.AQN +®wv
.“. 2 2 12 . 2 %&HH . : 2 +|N. = 3 w
5 AQ cos’ x +5%sin xv 4ab\ a* b 4a’b

V. (a) Find the volume of truncated cone with end radii “a” and “b” and height
“B” (a > b).

Sol. Consider the cross-section of the cone by a variable plane perpendicular to z-axis and
passing through the point P(x, y, z) on the cone. Obviously it is a circle. Let OM = z,
where M is the centre of the circle which in the case is the above mentioned cross-
section of the cone. Obviously 0< z < 4. Radius of the circle of section = MP = R (say).
Now from similar triangle AMP and AORB, we have ) s
AM _ MP ‘
A0 OB

A~z R

h  a
[ Od=h0M =2,
LAM -h-z
and OB = a,MP = R}

Le.

o R HM@INV

Since M lies on the z-axis where OM = z
- M =(0, 0, z) is the centre of the circle of section
- equation of the circle of section is

2

\d~+.w\N” MN..AMN.INV

h
Hence V = ?L\UMVWOMNMPRNJJ\NMMIMQTNVN ,
= Axvﬁmvnommm..u1mm}|mvmwmwmwzwv
7
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Mathematics

Seol.

a2 ~vai- 45 NN

SECTION -B

(a) Verify divergence theorem for F = 4xi —2y° ] + z°k taken over the region
bounded by the cylinder X' +y*=4,2=0,z=3

Let S be the surface of the cylinder X+ vy =4,2=0,z =3 and V be the volume

enclosed by S.
Now [[9Ady = (| Len+ L(-ayty+ 222 lav
%w m.‘mmx ) &\A yot+ 5 (=22)
2 ;\Aly 3
= E& ~ 4y +27)dV = w. [ @ -4y +29dzdydx
X==2y o Jp _Tz=0
2 /\M«xw *I § I
= u%‘ LM | 4z — mmw\NuT |A* Qv\ dx Z\W.,sl M
xﬂ!mwwiz\mlxu_l Im =0 .
= am M (2 - 12y + 9)dy dx B a0
X==2y o Ja
A
2 T 2 e - Nl I
= 2ly - 2y | dx N ZARE Y
E 2 | — A
5= Ay = -V4 -t

Analysis 19

- wﬁwrr ~ X 64 - xav - AE,E ~ X - 6(4 - 3&&
2
=42 w./\ﬂww dx

w.&./\h —x* dx
0
Ni - xD 4 x|

=g T X Tt X
2 2 2
[ 0
=840+ 2] - ©0+0)
2
=847

“The surface S of the cylinder consists of a basic S)(z = 0), the top S:(Z = 3) and the

convex portion S5(x* + y* = 4), then
fJamds = [[ Aras,+ [[ Ands,+ [[ Ands, e
L ~ . :

OnS;:z=0,0= -k, A=dxi iwv\uw
Adi=(axi —2y? j+0K). (k) =0
é.w.m ds
S

OnSi:z=0,0=—k A=4xi =2y
LAR=(xi-2y? §+0K). (-k)=0

k
as, = 9.(n2%) [ Area of circle of radius 2= n2%]

=367
QSmm”XNuTv\NNA,m.w.%HXmLﬁ%w|&.

unit normal 10 §; = vé
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Mathematics

n-n'x’
Gi&m%
. d'y _ {1+ meNWN Arwmuav l? ~r’x)2(1+ mNRNXNmNRV —2n'x(3r' ~ n)
dr’ A T (4me)
ol Dz L
&l&c _ 2 7 3 n ! nlwiwx|£|£&~|1\% 0
ZIEN Y T
n)
= y is maximum, when x -1
7
l
yoe—m L1
Ty b1+ 2
WNN
Thus M, = Sup| . (x)= £ () = Sup—— 0l = spp| 2|1
imm\?v \T&M .am.wIsNaN 0 Mm.w:+mwai 2

Thus, M, does not tend to zero as n —o
. By M,-test sequence < f, > is not uniformly convergent in any interval containing
Zero. ;

VI {a) Show that x = 0 is a point of non-uniform convergence of the series
Zm - Dx o+ 1fnx + 1]

Sol. The given series is

X X _ X +
X+ X +DEx+1D) 2x+DBx + 1)

o

or M X

i - hx o+ Hnx + 1]

:ﬂxv T = —
[(n - Dx + 1}[nx+1] (n - Hx + 1 nx + 1
uxy=1- lwlr
X+ 1
i
()= —— 1

X+ 1 2% + 1

Analysis

1 1

(n-Dx +1 nx +1
Adding vertically, we get

fxy= 1- l.w‘imezxvoom:axﬂo
nx + 1
Whenn = 0: :
M, =Sup{{fi(x)-fx)|:x O R, x=0}
(]
=Sup 11— b Il: xeR, x #0
nx + 1
.n .
= Sup :xeR, x #0
m:x + 1
S
n— + | 2
n
. 1
Taking x =—
n

Thus the sequence convergences non-uniformly.
Since x—0 as n—
0 is a point of non-uniform cgs.
ie. the sequence does not converge uniforming in any interval including 0.

(b) State and prove Dirichlet’s test for uniformly convergence of series of a functions.
Sob. Ry p(3) = g+ 1(X) Var 1(X) + U 2{X) Voo 200 + oo+ Ug o 5{X) Voo p{X)

= [ 10 =£.00] Va o 1 GO a2 GO (30T Va2 GOF (30 ~Fap1 (0] Vasp (%)

= £100) [Vt 0-Vara ()] a2 () [Vas2 ()Y GO w0 Vet ()

l<=+nmwi+w=+uva<=+nAleﬁnAxv<:+_AXV T A I v

Now all v;(), va(x), ..... are + ve and vi{X) > vo(x)} > v5(x) > ......

and [f,(x)| < K for any x on [a, b] and for all n.

(1) =] Ry 001 1 Fas 0O [ Vs 00 = Vi 28]

F{fy 4 200] [Vasr 2030 + Vo s 300T + vvvee F [Frep - 1t [Va s p- 100 Ve p ()] + o p (R} Voo

() (30 [ Vot (%) |

<K[Vas 1i(X) ~Va s p (30  Varp (1) + Vo e 1 (X)]

=2K vy i(X) (2)
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Mathematics Analysis W17

Which is an alternating series and hence convergent by Leibnitz’s test. The above series < () is an odd function

d ¢ for x = -1 s #%=0anda,=0
08s not converge Q,xwt > ) Now 0<x<! =[x]=0
X X X 2
TX)FEXR—— F — = —+ .. -1 <x< (2 .
log(1+x)=x 5 3 7 + for—-1<x<1 (2) © for O<x<l
.. B 2
(iiy Forx=1 M | | ‘ %) uxIOfHHVTW.
log2=1~—+— — =+ ... ; ? )
2 3 4 Here (=1
2
{ili} From (1) and (2) both the power series on the R.H.S converge absolutely in 1 H
(=1, ). Therefore their Cauchy product will be also om?@ﬁm in Tw D Now b, = 1 wﬂxv.mms :w < dx =2 .%m?vwmﬁw: %) dx
T+ og(l+x)=[l—x+x?+x+ ... |, X% <, g Fa g A
4 2 3 4 | 2 :
1 . A . 2
=x-x11+ m - %31+ W + Ww +..... for— 1 <x <1 Integrating both sides = i.ixw.mwz (2n 7x) dx {f{x). sin2n mx is 2h even function}
w.r.t x from 0 to X, we have w
~ , 2 .w _ 4 M . 2
Sfog(t+P= S - Xl L« XLy |J+ for—1<x<1 =4flx - Smms nmx) dx
2 . -2 3 2 4 2 3) 3 2)
Because the power sides on the R.H.S. convergence for x = 1 by Leibnitz’s test o r . JM
1 . x5 % 1 x* I i =, (1 _\xoom 2n nx% . woom x| pﬂclmmlm.w
“qleelt o= T St o) r i g g e ot s 7 S I e el K
v \ ! 4
VI () Obtain the Fourier series in the interval T‘mg of the function {, defined as: _ -,(Mll
22 . nr
Sol. ) F - i - kwx e 7 Substituting the values, we have .
£(x) 2 F =xfx] HulMﬂxSNmnx/ﬂ
0 otherwise X Ty AL )
fx)  =x-[x]- m. when X is not an integer (b) Obtain the Fourier series for the function:
2 o X if0<x <1
| | £(0)= .
fix) =k-[k]-—=kel . w2 - x) ifl<x <2
2 Sel. Here, /=1
, 1 _ , i , o w
m,QA.TC HQA._.lemw.TZIuNlH‘QAJ,Clﬁwﬁ%;lwul Let \ANVHWNO:TMDMOOmma._.M@meDmﬁM
- =1 =|
1 ) 2 ) 2
=k+-[ki-1-—=k+[k]-%=1k y D o
(k+D-1d 2 [k - %= k) ay = .m.\?v&an TQ&I, .T:,NIHV&“
~. f(x) is periodic with period = I 0 0 H
Rk =—k=[-k]- L=k {-[k]-1}-L=1 27 [ 2T
2 2 2 = = +mTH1|
=-k+kl+i-1=—1k “h 2h
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Mathematics

I

Sol.

o~
o
oo

Let N be a cyclic normal subgroup of a group G. Show that every subgroup of N is
normal in G.
et a be a generator of cyclic subgroup N of G.
Let H be a subgroup of N so that H is cyclic
[ Every sub m oup of a cyclic group is cyclic]
Let a” be a generator of mu s&ma n is the least positive integer thata” eH
Let heHandg

Then h=(a% Z : ere tis an integer
Now ghy' = g(a vm

= g(a)'g"

=(ga'g") (ga'g™") ... n factors

=(ga'g) (D
Also a' eN [ ais a generator of N]

' Nisnormalin G

. geGaeN = ga'g'en

Therefore ga'g™ is expressible ga'g™ = 2™ for some +ve integer m.
(1) =gh g = (@) = ()"

"+ a"isagenerator of H

. geGheH = ghg'eH

which proves that H is a normal in G.

(2) IfH and K where H ¢ X are two subgroups of a finite group a then show that
IG:Hl=[G:Hl =G :K]{K:H]

If H is subgroup of a finite group G then index of H in G = the number of distinct right

A.Q, left) cosets of Hin G

0{G)

o H)

Since H < K be two subgroups of a group G ther

Also H is subgroup of finite group G.

Theretore

MQ“QWH

efore H is also a subgroup of K

For any n > 1 the subset A, of S, of all even permutations is a normal subgroup of
S, of index 2.

Since identity @9;5
Again, f,ged =

Abstract Algebra 13

= f,g" are even permutations
= fog™ i$ even
= fog" €A,
orthat A, is a subgroup of S,.

-t

If feA, and geS, be any members then g0 fog will be even permutation, showi ing

“that g0 fog € 4, or that A, is a normal subgroup of S,.

Let G ={1,~1} be the group under multiplication.

Defineamap ¢:5, -G, s.t,
1
o(f)= T

then ¢ is an onto mapping as S, (n> 2)ymust conialn even as well as odd permutations.
S

if fis even permutation
if fis odd permutation
(Identity permutation and (12) will be in §,).
To show that ¢ is a homomorphism
Let f,geS, beany members.
Case {i): Both f, g are even, then fog is even
of fog)=1=11=0(f)o(g)
Case (ij): Both f, g are odd, then fog is even
o{fog)=1=(-1)(-1)=0(/)o(g)
Case (iij): One of f, g is odd, other even
Suppose fis cdd and g is even, then fog is odd
o(fog)=~1={-1)(1)=0(/)o(g)

hence ¢ is an onto homomorphism and thus by Fundamental theorem of homomorphism

Since fe Kergo of f)=1 )
e fisevene fed
We have Ker 0= 4

orthat G = S,
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Mathematics

V.
Sol.

f(x)=ap + a;x + ax* + ...+ a,x™ and

g(%) = by + byx + byx* + ...+ byx", where a,, # 0, b, # 0.

mmm f(x) =m, deg g(x) =n.

Then £=(ag, 21, 22, ... an), &= (bo, b, b3y ..oy by)y

wherea, #0anda; =0, Vi>mand
b,#0and b;=0, Vi>n. Then

® f(g) = (o, ¢1, 2,

where
i+j=k

veeess Cg)
o= Mwmcvw 20

Now Crn+t — g Usgi + & U:i.aiL + .o tay Uni + i T Ams G: + ool Fm+n+t Uo

=0,Vt>1 v
= degfg<m+n=degf+degg.
Further, if R is integral domain. Then

Cm+n™ 3 Dment @ Dpsg_+.onen.

= 8 ba = 0.
s degfg =m+n=degf+degg

+8m by + 8mer Doy + oo F 89 be

"SECTION-B

(@)  Union of two subspaces is a subspace if and only ifthey are comparable.

Given: U, U, is a sub-pace of V(F)
To prove: Either U, cU, or U, c U,

Let us suppose that neither U, c U, nor U, c U,

Now U, is not a subset of U,

= 3xe U, suchthat xeU,

Also U, is notasubset of U/,

= dyel, suchthat yeU,

Further xel, =xelU, UL,

And yelU,=yeU, UU,

But U, UU, is a subpace of V(F)
L x+yeU UU,

= x+yel orx+yel,

If x+yeU, and xeU,

Then (x+ y)~xe U,

)
@
U, U UY,
v, <y U,
[Given]
&)

[~ U's a subsapce]

Abstract Algebra

(b)

Sol.

‘Then (x+ y)-yeU,

= y e U, which contradicts (2)

Lx+yeU, . . : @
Also if x+yeU, and yeU,

[-- U, is a subspace]
= x U, which contradicts (1)

Sox+yel, ‘ 3
Now (4) and (5) contradict (3)

. Our supposition is wrong

Hence either U, c U, or U, c U, - .

Conservely. Given : Either UcU, orU,cl,

To prove : U, JU, is a subspace of V(F)

Since U, c U,

. UUU, =1,

But U, is a subspace of V(F)

5 U, UU isaspace of V(F)

Also - U, cU,

. UUU, =U,

But U, is m:c%moo.ow V()

- U,JU, is asubspace of V(F)

Thus either U, c U, or U, cU,

= U,UU, isa subspace of V(F)

Hence the proof.

Determine whether r(x) =1 —4x + 6x* is in linear speed of p(x) and q(x) or not

where p(x)=1-x+x and q(x) =2+ x — 3%
Let r(x) = a; p(x) + o, g(x) for same scalars o, o.
124x + 65 = a1 =X + X)) + 0 (2 + X -3x)
1—4x+6X° = (o +202) + (= 0y + 0) X + (o — 30X
Comparing the coefficients to like powers of x, we get

oy +20p=1 e (A)
-~y +Q\NHIN« T oeeeeed AWV
o —30,=6 (S|
From (A) and (B),

Q_ﬂww5Q9~H|~ .
which also satisfies the equation ()

. Hence r(x) = 3 p(x) - q(x)

= 1(x)is in linear span of p(x) and r(x)
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Mathematics

VIL

Sol.

(ii) Bs spans R(T) .
Let y be any element of R(T)
~3xeVsuchthat T(x)=y .
Also - x € V and B, is the basis set of V
X=By +By, + o B 4B Ve Fen 4 B Y
= u\uﬂ?vnﬂ@} FBVy Fen BV, 4B, Ve e +P<=v
=BT (v)+B.T(v,)+ .t B,T(v,)+ Beal (Vi) +-+B.T(v,)
=B 0+B,.0+. . +B0+B,, T (v, )+t B.T(v,)
=Bl (Vo) o+ B.T(v,)
=y € R(T) is a linear combination of elements of B,
.. B3 spans R(T)
Hence B is a basis of R(T)
= dimR(T))=n-k
=dim V — dim N(T)
= Rank T + Nullity T=dim V

(@

Let T be a linear operator on R

T(x, y) = (4x - 2y, 2x +y)

Find the matrix of T relative to basis B = {(1, 1), (-1, 0)} Also verify that:
[T; B] [V; B] =[T(V); B| for any vector V e R

Firstly, we shall express any element

v=(a,B)e R? asa linear combination of the element of basis B.

Let AQUEHQQLfﬁLVS for reals a and b
= AQVEHAQ:P&

oa=a-b, B=a
= mnmv and b=P-uo

(08)=B(11)+ (B-0)(-1,0)
Given T:R* — R*defined as
ﬂ?kvu?xrm\ﬁwu?rwv
and mugu:,ﬁlrox is a basis of R?
Now ,\,?__..T?IN‘Nivuﬁuvn%,_Talwxlrs
=3(1,1) +1(-10)
and T(-1,0)=(~4-0,2(-1)+0)

=(-4-2)=(22)(L1) +(-2 + 4)(-1,0)

M
(b)

[Using ()]

[Using (1)}

Sol.

Abstract Algebra

=-2(1,1)+2(-1,0)

3 17 MIJ
-2 2 12

11

. [T:B]=
4

Which is the matrix of T relative to the basis B.
To verify [T;B][v;B]= T)?vw &

Let v={x,y)e R’

Then v=(x,y) = y(L,1)+(y - x)(~1,0)

y

y-x

[Using (1)]

[nB]=[y y-«f =
Now T (v)=T(x,y)
=(4x-2y,2x+y)
=(2x+y)(L1)+(2x + y - 4x +2y)(~1,0)
=(2x+y)(L1)+(-2x+3y)(~1,0)

(by def. of T)
[Using (1)]

ﬁﬂ?vwww_nmwxlc\ wa+u\<ﬁ = WMM,”\.QQ
LHS.=[T;B]{v;B]
3 20y
H-H 2 {y-x
|-wv\zwclxv
l-%+NC\lxv
- Y 1 ()8]=RAS.
| —2x+3y .
Hence the result is verified
-1 3 0 -2 6
Showthat A=| g 2 glandB=|g _1 ¢|aresimilar matrices over C.
2 1 -1 0 0 2
" The eigen values of A are given by |B-cl]=0
-l-a 3 0
el 0 2-0 0 | =0
2 I ~l-a

i

S>0+a)2-w)=0=a=-1,-1,2 are the eigen values of A.

W11
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B.A. /B.Sc. (General) 3¢ Year
April 2015
MATHEMATICS
Paper—III: Opt. (ii) Probability, Theory

Sol.

SECTION-A

(a) A girl throws a die. If she gets S to 6, she tosses a coin three times and notes
the number of head. If she gets 1, 2, 3 or 4, she tosses a coin once and notes
whether a ‘head or tail is obtained. If she obtained exactly one head, what is
the probability that she threw 1,2, 3 or 4 with die?

Let A be the event of mﬁs:m 5 or'6 and B the event of getting 1, 2, 3 or 4 when a die is

5823
s 2 4 2
P{A ulnl and P(B)=—=2=
(4)=2-1 and p(z)=2-2

Let H represents the event of getting a head when a coin is tossed.
When a coin is tossed Ezom the conditional probability of getting a head

P(H|A)=" C.p7 g m_ @

A
2

) 8

When a coin is tossed once the conditional probability of getting a head

~P(HI|B)=3

. total probability of getting a head is

P(H)=P(4).P(H|A)+P(B).P(H|B)
J3,20 110

38 32 8 3 24
. the probability that a head comes when 1, 2, 3 or 4 come on the die.

_AB)r(H8) 351 % s
" (H)

x!:l

(b) m.,on m:% n events Ay, Ay, ... ..., Ay, prove that:

A |23 PA)- (-1,
i=1

i=1
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" Mathematics: opt. (i) Probabity. Theory : v s o

Given that P(X =0) =™ = 135

1 mN mw - .. ﬁh .“ : S b X )
IM h\}».f\\u |Nlm+_tu w_+\b 4 w +:... ki N L A .. ‘ Hhv. Cam? AN@@HOXV
Comparing the oo&msmam of like powers of H on both sides, we mmﬁ C . : Hence P (X=1)=¢* % 135%x2=270
‘ : ;
k, = 4 = Mean : . . . . . . w . :
e : : , S S . . That is, we expect 27% of the pages to contain exactly one error.
Wm.ﬂh@.t&:wv k, = Varience . - o .
21 2t 2 =Kl == Va o
LY S Nxx R I RV SECTION-B
: 3t 3 2 28 3 ? |
. : i p | : : : . N . S . . «.-wv ﬁ. *
IV. (a) Find the recurrence relation p.,, = E?F-_ M_wu for the moments of binomial V. - (a) - Prove.that mean deviation about mean of an exponential 9&: U _ws .
. , ‘ : 20
distribution. v i . . s e .
j = - - > (x—np) P(X=x) . v . : : : , i e A
Sol. By def. i~ B (X ~E(X)}'= 2,07 _ | Sol. MD.about mean=E[(X~E (X)]= [}~ dx.
. X : o
«nMAX 5mvv~ =ﬁu mvz a-x ) ,. i . ) . , : oy
R o . . ~o=Allx - 1 o,raxu.:vfx - je™ dx Put v(xnxnvaxllm
Uﬁmasmmmzm with respect to p, we get . - ‘ . X e A o V A
dp . & . o TR 4 . B Ll 180 R R
;%huM,ozTix; np) 'p"q" T+ (x—mp) {xp’ T'q" T ~(n-x)p’q" "'} EREE u,m.:x: je’d T Ja - yeray+ fov - neay
mw =6 . . o ) . g ,. P : o 1
. =) -x . n . oxlaoel X .v no— Xof , — ! TG "mﬂl_ : . : *
.unaM n? mE Pq M Clx=mp)pq | — - —— ‘mw ve'l N = :
. x=0 P q .
: : 3 . : : H . a—l
' L nnEMQ np)” ~_uoo+ MQ zE P - sJ : . (b) Show that mode of beta distribution is w|+.w|na
_ = pq , B , i e
. ﬁ px)="C,p'q" "andp + q = _H_ ' Sol. We know that, mode of a distribution is:solution of T =0 and poes <0
v X x
ulﬁMAx :E,unoothlMQ :EE o : i , B xh-_atxv,-,,koﬁ
Pl-o S o . Here, )= {B(a,b)
=-nrp, |+ 1 B, . i I : . : 0 , , elsewhere
Pq ! g
R dp. L , . ro— = ——[(a = 1)x" Ncic_, T =DxT (1= é,.x A N v ;
=U,,;=pq =~F-_+|a|¢ o . S S dxe s Bla b , o
Which is the Renovsky Formula. o , S = B Sx Nanéa “f(a- c+a a-b+)x] o : o
(b) In a lengthy manuscript, it is discovered that only 13.5% of the pages contain no.~ . 1oL s
: i S Sy ‘ } = e T (1= x) T [(@=1) A (2 -2 b)X]
typing errors. If we assume the number of errors per page to be a random variable B(a, S
with Poisson distribution, find the percentage of pages that have exactly one error. 1 &F
Sol. Let X denote the number of errors on a randomly selected page then , ‘and — = —[(a~2)x - Ha- D+ AN a—b)x]}
- X~P (@) . ook d<’ B(a,b)
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Mathematics

VIL (a)

_ Sol. (i)
(ii)
(iif)

Two random variables X and Y have the point p.d.f. :

2-x-y,0 £ x <0 Sy <1
fx.y)=

Find:

0, otherwise

(iii) Marginal probability density function of X and Y.

(iv) Condition density functions
(v) Var(X)and Var (Y)
(vi)y Cov(X,Y)
2-x-y,if 0 £ x < <
We have f(x, y) = Xy 0 sx sl 0s

0 , otherwise

?x y)dy = rw X— E&n1|x

2
Zmﬂm_:m_wam of X is
wlxu 0 <x <1
f(x)=42
0, otherwise
3
~-y, 0 <y<l

Similarly £ (y)=12
0, otherwise .
Conditional density function of X given Y =y is

f(x, 2-x-y -
fox]yy =t 27Xy ooy
£ 3.
y
N .
Conditional density function of Y given X = x is
f{x, 2—-x~
:ixvn‘lfénlqlfx Y0 < y <1
f (x) 3
y -~ =X
2
1 A Vo w s
E(x)= .“.vcm?vaxu _.x —=x dx=—
; J\2 12
(3 3, %
mﬁxvn?. —=X |dx = qulwl nw
v ;o \2 6 4 4
VOO = B0 - [EGOP = ~- 2 - 1L
4 144 144

Similarly, V(Y) = ..W
144

y

Hi79

5y probability, Theory

(b)

Sol.

@) EXY) = [[xy@-x-y)dxdy

VT xw%, x~<N
= .ﬁ xly-———-——| dy
. 3 2
2 ik
w N< _% g y y|_1
= x| —y-—— my ———— = .
3 2, 3 6 6

Y) - E(X) E{Y -
Cov (X,Y) = E(XY) - E(X) E(Y v T2 G
Let X and w\ have a bivariate normal distribution with parameters p, = 20, p, = 40,
0.6. Find the shortest interval for which 6.90 is the

2

qwuo,qw 4 and p =

conditional probability that Y is in this interval, given that X = 22.
Let a <Y < b be the shortest interval for which

Pla<¥Y <b|{X=22)=0.90.

We know that if X and Y are bivariate sods& distribution, then

e
)

YIXiSN | g, + o2 (x—p,),0°(1=p") |
o, J

L2

()

Qo
N’

L
YIX=22~N Tfo.mislwoy 4(1-0.
3

204 %J

~N|—, —

5 25/
Now,P(a<Y<b|X=22)=090
(204 204 204
a-—— y-——- b-——

5 . 5 5

8 8

s
Lo 5 5 1)

{ 5b-204 5a~204
= @f& 04 o3 Juo.@o
8 L 8

Now, the interval (a, b) will be shortest when it
is symmetric about x = 0 so that

=0.90

5b-204  5b-204
8 g . m
Sa-204) ( 5b-204 . Sb-204 O sb-204
e?ﬁ!:ferli.ll =090 - .
L8 /A 8 v
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Riemann Integration

Riemani Integration

€
= - .\..H ..I.\. 3\ +{ - Y £ ) 3
A.\@vl.\?v+~* A ~v ARSV A\?wv .\Aumvv ..mEMﬁntanla\M
Frrrenes +Q?L;x?i;x T on T
| 33
N £ M .
I\ASI.\.AQV.TLH\AkLl\Ak&H_ ,”A and p =Lub A\Axvummxmmw
= € e | | _ =lub Amsx“mrmmv
A T O] RS
, ; . 1
o - SB)=f(e) I )
| OIET A R
=~ URf)~L{ s . : ; 4 4 .
” T A \.v ANN v b o ; . ‘ : .. by First Mean Value Theorem,
= fis R-integrable, . - : . 5
Similarly when f(x) is monotonically decreasing on [, b], then taking o - m(b—a)< ‘ﬁ f(x)ax<M(b-a)
=JﬁA = QSH\A% » M. = f(x ’ z
T~ flayer "=k M=), | 2Bz ;) Jeinz, 2N2(x 1)
We can prove Em required result. o T3 4 ..= x T3 4 ¥
. : : rt
3 %sinx . 2 . . 33w dsinx. 22 m
2. 3 qsinx | L33 sinx , NI T
Prove that ||~ < M T s ~ (September 2013) ; m XBAM y EETTY
z S , , 3
Sol. Let \?vnmw!a e B o . .&memg\«&mm. )
8 x 6

o f() nxooﬁlwmsx.u _ Smx?w.ng <O m, n

X x 4’3

3. . Prove that a continuous function fon [a, b] is Riemann-integrable. .
, : (April 2013, April 2009)

wtanx>x, cosx >0, x* >0Vxe m,um : :
v, 43 , Sol. Let fbe a function which is continuocus on:the closed interval {a, b]
- f1s monotonically decreasing in ﬁ T m@ : v - fis uniformly continuous on [a, b]
L43 = for a given £ 0, however small, we can find a positive real number & such that
. SH%‘.\.@‘ W.\.HHNWM Mm v . , i e ,, : . . . .
W<y S -1 <= S
sin : )
=glb. A - ad ”m.m x< w.w : for all X', x"€ [a, b] satisfying [»'- +"| <5
; Let P = {a= X, Xi, X3, ....., Xo = b} be any partition of [a, b] with |P]j< &

Since f is continuous on [a, b] therefore, it is continuous on [xy, x;j fori=1,2,3,....,n.
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Riemann Integration

Sol.

i

Let \Akvummsk on | 0—|. Evaluate

2
equal parts and show that fe

Here f(x)=sinx

Let P= VOullulvlllv ..... I
¢ L
T
or P=¢%,=0,%,%,....x, Hm
X =— mo:|H 2,3,.
2n
Now mmuil foreachi=1, m w
2n

Since f{x)=sinx is monotonic

SN.H\?TLMmE ﬁmﬁm

ql. n 2% in
=—! 0+sin—+—+sin— +
2n .2n 2n 2n

z

z T
Sfdx and ._.\&x by dividing 0.— |into n
0

2
R(x) on T&

Oy, k1]

,.Ammv:::cmq 2012)

ji

be a partition of oum such that

PR \ . L
ally increasing in | 0=

2

2n

. Fsin EW _ _

[ (n-I)m . fn (n-2)m g

SIN ———8M § — + et

T 2.2n ,N: 2.2n “

;

Riemann Integration

ermm——

~sing+sin(e+ f)+sin(a+24) +... upto n terms

mEI%m:‘H hQ.TM.HM!J

_ 2
mmsm
2
-l n—-Uixn
wmm:? vlmm:m z\MmEA'LI
_ 4 4 _ 4n
. .
sin — sin —
4n 4n
I L
4n u&
T
UP,f = M\Sm M mal o
i=l = 2n
T, il
=— > sin—
2nig 2n
Ty . T . 2. . 3% . N
=-—1 SIN~— +Sin— +Sin— +... +SIn—
2n| 2n 2n 2n 2n
T .
"o T
sin| —22 |gin| - |:
2n 2.2n
=
; 2n . T
, sinf ——
2.2n
LT AB.T;ﬁ
sin --sin ~——~4—
HHIJL!!J 4n
2n .
sin —
4n
n+l
/\mm_,:A v
4n

f(x)dr= Lt L(P,f)

[P0

!Ol.._.'l\)iﬁ
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A-12

Sol.

Riemann Integration

Consider the function f defined on [0, 1] by
1, if x is rational
—1, if x 18 irrational
Now —1< f(x) <1 <xm?vz
- fis bounded in [0, 1]
Let \unﬁou\«o,x:xﬁ ............ WX, = a be any partition
For any sub-interval ?T_Li » we have
m;=—1LM=1fori=1,23,. , A

[ every m:w 58:\& contains rational as well as irrational points]

L(P,f) Msm (-1)(8 ViLx@T.si«;aL

i=}

U(P.f) =D M8, =18, +18, +..+ 15,

1=l

Now [/(x)dx=_ Lt L(P,f)=—

IPf—=

dx= Lt U(P,f)=1

i

and _TA
0

W\?v&\«ﬂ w\ﬁ

= fis not R-integrable
Now | f](x)=|/(x)|=1 Wxe[0,]]
= “_\_ is constant function on [0, 1]

= S is R-intcgrable on [0, 1]
t

M W
Prove that —=< &«A%
rov 1 /\.‘ nh./\v‘]

Consider the function f(x)=

(April 2012)

Riemann Integration A-13

P

1
Now f'is strictly increasing on Tolz\w

1 2

2 1—x 3
R

1y 2

= —=< _.|I&Hm —

N 0 1- ku w
kforx#0

8. A function fis defined as \Akv = k>0 (September 2011)

0forx=0

1
Show fis Reintegrable on 1, 1] and find | fiix.
-1
Sol. Clearly 0< f(x) < Vxe Tr: «
Hence fis bounded on ,TE

Also fis continuous everywhere on Tua except forx =0
= f'has finitc no. of discontinuity

Hence fis integrable on H ! L
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A-16 . ‘ o
Riemann Integratiop, o ann Integration ) L A-17
—on Remal oo
~ Fis differentiable on [a, b] Lot 1
- Fis differentiable on [X_,%|fori=1,2, ... When xe€l T1sx22 = ZSmsl o m=o.M, =l
By Lagrange’s Mean Value Theorem, there exists point £ (i=1,2,....,n) in To.:ﬁ xel, 2<x<3 = .WMIWM,W = m, H,WJSN ,uw
such that : : N _ - # xﬂ. ~ LS
B i.ﬁlﬁ?-_vn?i.«r;ﬁAm_.v : xel, 3<x<4 = 5755 = m uﬂm%ﬁum
, = Fx)-— S .
(B)=PL)=8S0) (0= F o) vee o) o L) e mE =t L L L
: n 429016144
: e vt - 0o : ,
AW% VA )-F w & @ W \ S ) Consider P, = rmuwv%l Es%m in 4 sub intervals I = ﬂmu hw M,W ,
. )= F () {F ()= F ()} +{F (5) = F (x,)} e
W . , s it ﬁ ’ A Nx, I = w Mw and I, = %,A such Emﬁ Esm% of each subinterval = W wmuw for i =
i +.....+ﬁ~n4ﬁk.~_vl.~ﬂAkzl_vv”M@.,.\:Am.. ) ,
ist S ; H,N“;wvb .
Um.xxlm,xn,.@., . ; A Hm@. =
(%) =F(x,) M SE) | , B , When  xel, 1SxSp 2 oSSl oD m=oM,
L oo .
€t n —ee 50 that :mu:lvo el memm = .m..mlﬂmwl. = ENHMJ anm
2 - Fla) . P4 2 257 X 49 25 49
W X I.NU aj= v\, X NN . R ¢
% &) v, Sepeld L I8 14l 4
’ 2 4 169 " x* 25 T 169, 25
f(x)de=1Lt 8,/ (&) asf is R-integrable on Bogt o L b 06 0 1 M= 16
. % E..M [a.4] xely pExsy = s m»aw = MM T g
In particular when x = b, we get, , 3 416 1
5 = L(B,f}=md, +§~m +S.m +m8, == — t—+—+—|= 4827
F(b)~F(a)= [£(x)ds % 25" 169 16,

= L(R.f)<SL(R.f)

12. Define Lower and Upper Riemann Integrals of a bounded function on [a, b] and
prove that _o..én ?25»:: :;mmE_ cannot exceed Em Upper Riemann integral.

or M‘\?v&auﬁ?v(ﬁ?v

1 [ 715 | 4 September 2010
11. Akv =-—- defined on T 4], T 2,3 N@ m:&»ﬁ 1 MUMMM,A ; Sol. First part ; (Sep )
are t it ¢ - ‘ The Lub. of the set {L (P; /) : P & P, Sv isca H& the uoéﬁ Reimann integral (or
WO partition 1, 4], i , )15 .
w ns of [1, 4] .<n:@ NTJ \s v h?g% v . (April 2011) lower R-integral) of fon F E and i is denoted by the &3&0 .ﬂ £ (x)dx
wo_. .\.ﬁ\«.v u.uMNl , . . a
) : , b :
Consider R ={1,2,3,4} divided in 3 sub intervals L=[12], 1,=]2, 3}, ,=[34], R M\Axv&xik.@.?ﬁﬁbw

length of nmor sub interval = 1
=8, =1 fori=1,2,3
Let mm, M; be g.lb’s and Lu.b’s offinlifori=1,2,3

{
i
i
H

b . v
[ (x)x =1ub{L(P, f): P is a partition of [a,b]}

]
i
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A-20 Riemann _:ﬂmm,ﬂmmo:

2
14. If f(x)=2x+3, show that f(x) is R~ integrable on [0, 2] and ._.\Akv&k =10.
' ]

(September 2009)
Sol. Herex e [0, 2] .

20<x<2>> 0<2x<4
= 382 +3<443=3< f(x)<
= fis bounded on [0, 2].

24 2(i-1) 2 o
LetP= 0,2, = .. “Evmﬁ .......... ummu 2+ be partition of [0, 2]
: non non n
Comparing it with P ={x, =0,%,%,,........... =2}, we have,
H x_uwlﬁxuovrwv .......... ]
' n

.+ fis monotonically increasing

o= f(n)=2m, 4322 20T _40T)

n n

and M, = f(x)=2x +3=2 2 |+3=4 43

n R

MSm M 4(-1) m.m
M NIS+MM

:A i=l N

uwwﬁo+M+w+:..+?1&+mX=

81n-1
DS e H;_L\N H
n| 2
8 n{n—1)
S A@ +a Am
n 2
and U(P, f) th M 32
n
~8 . &6
= JN..T p—
-t =t 1
nlwwc+w+w+.s+=v+m§
n n

Riemann Integration

A-21

e

H.lmlEAE.T:.TmHAmw.T\Wv«TQ

nt 2 n

IPl=0

=Lt Aﬁwl,glu+m
nce n

=4(1-0)+6=10

Now N_.\Axv&xn Lt NTULQ
4]

nseeas |Pl=2 -0
1

and M?E&n. Lt U(P,f)

|Pi—0

=1t A_+Mu+m =4(1+0)+6=10
n

w\v?v&knw\?v&xuwo

0

<. feR(x) on[0,2}and ? %Lo

w@i&&ng

1]

15. Show that the function f defined by:
a 3
. . 2 a
f(x)=x*,xe[0,a],a>0 is R-integrable on [0,a] and o? de=r

.

Sel. LetP= Aonxouﬁtm. ...... 3Ky Xy Tum any partition of [0, a] where ¥,
For any sub-interval [x,_,,,]
m,=glb. ? X, MRARW

i—1
2 ex<ta
n n

=glb. {x

{April 2009)

ai .
=Lori= 1,
i
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.

IMPROPER INTEGRAL

o0

1. State Dirichlet’s test for improper integrals and hence show ._.w:_kN«w« is

8
convergent, (September 2013)

Sol. Statement:—

If g is bounded and monotonic and tends to zero as x —o and ._.\ dx is bounded mzﬁ
t>a then _. 5

u

1

ui?d&:?&

mm:?NVHM
x

TEA v&x .TSA v&%wm:?wv&x

x)g{x)dx is convergent at oo

i
But .?.:A.%v&. is a proper integral
0

- we discuss the convergence of .?.: ?J«% at oo

Now HT:?, = H_.Awp.mm:?ilﬁ&«

2

Take f(x)=2xsin(x*) and %?vuwl
x

? &«l._.wﬁm:g p, v&

n_‘o

per Integral . A-25

JmproPeL ==

putxX’=y=2xdy =dy
= \.NTE ydy =(~cos EMN
=cosl—cost® Vix1
\_‘.\?v&x n_oom_lo&m_m_oow:

1

<1+1=2, Vizl

1 . L
and g(x)= o is monotonic decreasing and — 0, as x —yeo
x

ﬁ |cos 6| ML

Ty
. by Dirichlet’s test, .Fxmﬁ AH. VM'&/ is convergent
; x

or .~. A v& is oo:<ﬁm®§ at oo and consequently
1

%

TEA *)dx is convergent at oo
0

State w.& prove >c,m1m test for convergence of improper integral.
(September 2013)
Since g is monotonic in (&, )
~ itisintegrable in (a, 1) ¥ 2a
Also fis integrable in (g, ¢)

.. by second mean value theorem
& 1%

[fedr=g(s) £ (x)as+g(s)

for a<s, <E<y, 6]
Let €> 0 be given .

. gis bounded in (a, o)

.. Ja positive number £ s.t.

W?v_ <k Vx2a.Inparticular

_%QL_M»‘ mma 7» )
Since % f(x)dx is convergent

. by Cauchy’s test, a number M exists such that
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p—4

5.

Sok.

=1= finite, which is non zero non infinity

T 3
2

2
.. By practical comparison test .Tx (x)dx and .‘.w?v&h behave alike.
(] 0 B .

3
B
Hmﬁ.m

o. K

(xpe= 55

(Byp test)

0

2 n
1

m_S.H
S(x)dx = % — II&» is convergent if n—m<1

=| -

By oo:&.sEm above three cases we mﬁ

X
sin"x . e e

I= ._» —dv is convergentif n—m<1ie. n<m+l
] . ,

Test for convergence of the Integral. ~_.l|||&« Also find the value of m.:mm_.m_ if

~+&
it is convergent. . : Ammvaaumq 2012)
o . oo 0 oo Sl
e dx dx dx
.w. Nk&x«” by le.-.k J«+_.a —X
Zlte e te e te o€ +e
= -y
=2 [—=—=2 % S
pe e e +1
‘ X
. e u
=2Lim |———dx =2Li ﬁ e
t—o0 AWﬁmw.ﬁ+ T_v_w tan Am Lo
= NEETSL Amw v —tan”! @
[y .

¢ Integral A2

Ha\uho\_umr‘i - o — e s
6 state Dirichlet’s test for convergence of miu.&umn minmnm_. Use it to discuss the
s : . : :
convergence of _. Ek&x . (April 2012)
sol Statement:If m‘mw bounded and monotonic and tends to zero as. x — oo and T@ ?v&a is
bounded for ¢ = o then b‘ f(x W?V&x is convergent at oo
. i
Let f(x)=sinx and g(x)= MMCG >0)
{
_.mws xdx| = _Toomxi =|cos1-cos#{ <cos1| +|cos ] :
<1+1=2 Vizl ; [ |oost|<1]
.T:Cix is bounded
1
and g{x) is monotonic decreasing — 0, as x —eo
sinx
- by Dirichlet’s test .—\I.Sm is oon«ﬁma& : : :
7. .+ Prove that “.ms X dx is convergent but not .mc%E%.% S‘iaknmmi‘;
1 .
(April 2012)
L . sinx :
Sol. * The given integral is w. . dx
I A
Lett>1
x, |-l i 1
.qm_m =|-—cosx .ﬂloomx — 1dx
x i X
17.82 108J COSX
U oe ) iw
__sost +cos]— ..ooﬁ . a
t
}
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A-33
A-32 roper Integral

%
< ImpE——

- m~: m:JH iven
= _. mswx is convergent = &\ &. =7 (given)
X o
w o2 -
sin? x “psinx P ._‘m:ﬂgx&an|
9. Show improper integral .q dx is convergent and find it if given ... = 5 X 2
o X z :
April 201 convergence of improper integral .M_oma dx.
| » (April. i) 4g. Discuss g N
sin® sin’ x : :
Sol. - % % _ Zdx , . (April 2010)
[ X 0 1 X
1
x =0, is not a point o.w infinite discontinuit _logx
P 4 so. /=] ¢
. .ﬁmE x 0
. .~ dx is a proper integral . |
i o X : w\,mlx is negative in [0, 1]
‘ . “tsin? x ‘ : *
Consider _.]&.« :
2 : logx
1 take f(x)=—
-3 : /\“Hnn
We know sin®x <1, Vx>] ,
L , ool 1
- m:ﬂ» ml_ﬂ og .
X x° == ——
Jx
But mw Is convergent at e | . *0” is the only point of infinite discontinuity of f
7x
1
sin’ x Take mﬁ v 3
_. ———dx is also convergent atce x*
e .
| ¢ lo !
Hence, MzINWQw\ is convergent Co . flx) 3 Blx i1
6 X ; |l =xt—=x"log—
, gx) ~ W x
Tsin’ x T 1
Further, | =dr= |{sin’ x 14&« ) 1
M x m: ) x* ) N\wa\Aé = Limx* log—=0
r . 50" WARV x-30" X
Himmzwkv _4 Q ._. Z:HOOmk&R . . | 3
: ¥/ @ But FA&&.H %J,& converges ...%HMA_
= gin 2 0 0 34
=0+ %EQW. .
0 X hllJ&x converges at 0.
= m@& Put 2x =y .
C 11. Examine the convergence of .qm||.| (September 2009)
1 A J2x—-x
S 2dx=dy = dx= -~ :
X ¥ X N&\ g *odx Nﬁ dx
) Sel. Let I= ._. =]
sy 1 P2imx ix(2-x)
iy 2 2 is the only point of infinite discontinuity of f
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Beta and Gamma Functions

Sel.

y dy
P = [ = dt=——
o AN+ v ' z+1 = z+1
Now =0 = y=0
NS& > oo - y 300
= from (1), we get
o oo 8. ) N m+n—} Qu\
C(n) ferdr=[z ﬁ - g L g
PO 5 K z+1 Cz4l
s T{n)T(m Hsl:lll e dy (dz
. A v A v %AN+~VE+= .h.v\ Ly
g n—t
= I(m)T(n)= .ﬁlw.s.wﬂﬁ?:,*.sv&m
i (z+1) :
. o n—1
= T(m)T(n)=T(m+n) %nklﬂﬂ&w
cANnT.mv
= [(m)T(n)=T(m+n)B(m,n)
(m)T(n)
= Blmn)= I'(m+n)
m—1 Bl
Prove that .ﬂ 7 (1-%) dx = ! — B (m,n) where m,n>0.

n +vkvs+= a" T:.S

(April 2013, September 2012)

Cx" (1= x)

Let /= % e
(a+bx)
put * -t , ~ax+bx=at+btx
a+bx a+b -
Hv»..?+®l§vn = ».H..!|§||
a+b-bt
e Am+bl\p~v.alnp2|$ s
L (a+b-br)
+b
llil:lﬁa v dt
(a+b- Ev

Nowx=0=t=0 andx=1=t=1

3.

Sol.

A-37

a1 nt

at
Q+®§m§ a(a+b) &
( 4 (a+b-bt)
ﬁm+@l§\
e (a+b)T (1-0)" afa+b)
mﬁn;!svi (a+b=bt)""  (a+b-bt)’ N
lc ’ . QS+:AQ+®M\~WH
{a+b-0t)""
i a-isl a™
.A (a+h) — " (1-1)"dt
. am a+$
1 _
= " (1-1)
a'(a+b) m_. (1-1)
= m, 3
? +b)" A
: HJ?:vH.,TNv
Use the relation {B(m,n)=—7——-- where n,n >0 between Beta and Gamma
HAE +=v
(1 R
function. Prove that: (i) ﬂﬂm uzﬁ (i) .? X &mn%.
0
(April 2012)
(i) We have
[(m)T(n)
(m,n)=
Blmn) T(m+n)
1 1
Put m=—, n=-—
2 2
s
g wmvn T
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A40 . . Beta and Gamma Functions . sta and Gamma Functions , , . ; A41

LA w2 ;
72 e o odt Y e ‘
=2 T&:m o Nt?omo% = e e’ 3 uw._. eTds :
0 () 7O
n/
& 2m~4 2n-1 T , T i.m,.l l.r., w
=2 MWE 9¢os omm 3 3 33
N H u ! . - Define Beta and Gamma. functions. Using relation between these functions show
Now TE 8d6 = .ﬂ sin”gcos “2/ gdp : ;
_ g =m. (September 2010)
; 1) : A
! =B A..m\* Sol. Beta function
. r : .
o ()T 1\ The first Eulerian integral ._.».s-_clxvi% :
| B CY [ Imln c o . .,
B TN B(m,n)= LUELS Where m >0, n> 0 is called a Beta Function and is denoted by B(m, n).
ra+ 2 , mtn The quantities m, n are positive but not necessarily integers.
r'(4) Ty 1 Gamma Function
2 ; , A - ;
= 9 , ; The second Eulerian integral Tigi&ﬁm >0 is called a Gamma function and is
A,., | ; ;
2 B . denoted by T'(n). ;
- 3n - 6 _l6 , The quantity n is positive but not necessarily integer.
MN#MV 5 ﬂm‘m LR s ; Wehave i :
P2 R 2)02 2 & .
e ; Bim iniﬂésvﬁ?v Lo .
’ T(m+n) , e . :
: . . T, 1 (1 e
6. - State ﬂmiam function and use it to show ._.m ¥ quw.ﬁ 3 (April 201D Put SHW“ nnw
Sol. Gamma function : L I
Ly )t
The second Eulerian integral .— “x'dx, n>0 is call ed a Gamma function and is hmw._mgn ﬂ\ 0
mmsoam by I'm). . L ‘ , 2
The quantity o is positive but not necessarily integer. : ‘ . : = EAW,WWH I W ﬁ “T(1) n@
Let. /= .T-m dx :
; R R :
Put x' =¢, w\«w&xn& ; ; : = ,ﬂ 2 =p M,M%.o\« (A &
sodx= _.N%ntwm& vk 1
3x 33 = |x 2(1~x) 2dx
0
Nowx =0 H;nom:mx.lvooﬂvﬂi‘x
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A-44

[By duplication formula]

Nk T
= ==
4 22
1 T .
10.  Prove that: T'(m)T'| m+— |= ——T'(2m) where m is +ve.
2 NnEl_

Sol. We have

B(m,m)= .T.sl_ (1~ \«val dx

0
Put x=sin’8,
When x=0, 8=0

dx =2sinBcos6d6

When x=1, mnwm

B(m,m)= TEN mvxl T —sin? wvxl .2s5inBcosBd0

St A

3
.~. wS @ " Aoo%mv,_- .25inBcos 846
0
=2 TE?L Bcos™ " B.5in O cos 04O
0

:
=2 [sin®" 6 cos™ 6.4
0

3 N . . 2m-1 m s N@ Zm=y
uw.ﬁ sin Bcos 6 &@Hm_.j in 26) 6

0 N AN N

NN
Bm,m)= Nws _ TENE 12046
Put 286=¢ iLe. oH.H.N
2
= &mnwa\u
2

When8=0, z=0

(April 2009y

and Gamma Functions

A-45

? (2)dx = N? s:@,@m

0

r
2 0
._. 0°" ™ zcos® zdz
2m— ~
N 0

@:x?jﬂ 0+1

r
21 2 L2
2t r mS..IL.«E
2 2
I
ﬂ?&ﬂ?&l i ﬁ?&ﬂ M
I'(2m) PR ﬂﬁ 2m+1
2
1
H,AEV 1 r M
= = 2m=1 ,~
ﬂAMSV 2 el
2
= M)T.:v = “:1_. /\M.m T M, =
ﬁAwEv 2 r E.TM 2
2
1 Jr
= I'(m)T S+.N; = S I'(2m)

x)=f(x)
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A-48

Integrals as Functions of a Paramgy

dx
a+bcosx

._”“ dx _ T and ...a cosxdx ~1th

?+voomkv~ ?NI%VX a?+v8wkv~ ?NI@NVX.

T
2.  Find the value of h (where a>0, E <a) and hence deduce that

(April Ncﬂwv
Sol. Let /= _.

n+w8wx
Q dx
X X

o x .
*acos’| = {+asin?| = |+ bcos?| = |—bsin
2 2 2

Hﬁw dx
o?+$oo%,w +(a—=>b)sin® W

NSRS

. x
Divide num, and deno. by cos®| =

2

0

als as Functions of a Parameter A-49
*  dx T
s _- = = - AHV
Ja+bcosx Jat = b?

Diff. w.rt. a by using Leibnitz’s rule

alw 2a

.- 2
Q...inoo@& l?wlwwvx

N
eaivoomxv .AQNIEN\M

Which is the first deduction
Now we diff. (1) w.r.t. b by using Leibnitz’s rule
1

. —COSx T im AINS :
dx =
b.?:@oogv” g Aanlvwvx
T cosx —b
dx =
M.?f@ooﬁam g ?leuvx

3. By applying differentiation under the Integral sign, prove that

% log(1+ ysin x
ysin® x .
M'{&H“qﬂﬁ)\u.*.ﬁlmg if %V‘H. Ammmﬁﬁﬂz—umﬂ NOHNV
5 2
2 log{1+ ysin® x
Sol. émaéegn%t% : -
0 sin” x

Diff. w.r.t y be applying Leibnitz’s rule

T

ki 3
d 2 o log{l+ysin”x
LRI L i
dy e sin® x

I

2 2
H.— 1 sin"x ds

-2 -2
psin“x 1+ysin”x

2

m
2

= .ﬁlﬁx&»
o 1+ ysin®x
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A-52

, _Emoﬁm_m as Functions of a-Parameter

oo

”Iuw,l.. 'lm’ !ulnll

o fa tan = Tmn N\wo

AL BJ

-l , ‘
nwwm- m?msLoo,lﬁm:Lovlmmmzl8+831~ov
LB, m

- Vo2 2
_VB-va n_ JB—a T
Va(B=0)' 2 Vo ({5 + o) B ) 2

2 Jo({B+a)

Integrating w.r.t. o
~ .

o(cB) =7 l/\N/J\rIM\W&Q: o ?Qlf\lv:@

Where ¢ is constant of integration
To find ¢
Put o:=1,=1 in (1) and (2)

7
2
From (1) ¢(1,1)= _._om?omwm;rmmnu m_v&m
‘ 5 :
z
2
= [log1de
0
=0

From (2) = ¢(1,1) =wlog(1+1}+
=nlogZ+c .

s O=mlog2+c

Sol.

(2]

rals as Functions.of a Parameter

A-53

c=—rlog2

Now (2) UeAQuB = iomA

Jo+B
2

z@+,\wvliomm .

=xlog is required value of given integral.

Prove that .~. * sinbx dx = Q:L b for a,b>0and ama:om .-.

X

(September 2011, April 2010)

The given integral contains two paranieters ‘a’ and ‘b’

m.APSn‘.ﬂE&x ®
0

Diff. w.r.t. b by using h&w.&ﬁ,m rule

d o -
w?vvvu_n%wa@; e

“ sin @x.w dx
x

db

e (X

ow.mé (coshx)x
0

X

= Tls cosbxdx
0

(X

€ ; e
= bx +bsink
a~+%_ acoshx x]]

1
im +b? ﬁo (- L
- a

a +b*

. a
= Fla,b)y=——

(4.6) a® +b?
Integrating w.r.t: ‘b’
mAPSHPMS:L LA

a o \a




(1107 1idy)

A)r\ ! ’ Y
xus _?&cnﬂék
A, wopuwered suo Sueyi00 [e13aut uoaId 3y, jog
&
‘0 < & 10] a‘ 300 = HQHEm wuu\
aa0ad ugis [eadoyur ayz Japun uonenuadyp Suididde 4y -
v " .
ap
xp(dx) ﬁ (€Y f] |— o1
Ap
(4 k {}¢p— pue
A >
uEﬁEE@@% St ?\ v@ .
n
- ¥ 0y
(€)Yt = wy <
h ()¢ =(x+4)g
Q 4
9>|y| voymz=(» 3 %A )Y (g + %) s
4
: ¥
Tw yo+Ax) Y | 1=i(1x) Y .
ﬁ A v Pm_ 4_. Av% Aa\+>v®
398 oM “(5) pue {p) woy sousy
{ Q[Q I~ ¢ -
) %v_ﬁ 40f 3 vm? .\Qa\,l?m;; RVQ_
TBUI YONS @ ISQUINU SA+ B E () <3 UIALD) °
SRONUIIUOI AJUWLIOJIun §13f
- A2 [p 0 fq ‘2] ur snonunuos s1 4 2ouig
[(€) Buisn] ,
®) @Lex) = (v +dx) Y] =
q
of ¥
xp(dx) ] - __
I et
snyL,
© (€)Y +(d%) Y ~ (0 + %) Y |1 =

eenc s

TePWEIEg & J0 suonouny e sjelbon!

1>8>0

(rg+Cx) 'y = (4x) f~ (3= Axyf

OABY 9M W2I094) ON{EA UBSIN §,95uriSe Ag

D((€6) S~ 65) 1) =(Do—(1- )0

©
q
M [p*o]24n p(dx) f T )é101 “og
z y
3 3 \A.mw 13 d 6
(1107 pd) w(0x) ]| =|(cx) I =) /]
¢ q
MOYS U} * PpSASUpgsxs 3
; 4 .
40} £ pue X J6 U0HOUN] SRONUIUOD I8 T«&Qk@ pue me«va\ I 9
0
v x
.mnx,‘mﬁlx /Taﬁ V] =1 %
oo \q) xquis).
0 = ®ind tuepanpag
Y7 X 0
-~ TESHR»& .w. ‘%
q xqus 24 -
U
@ =(9%)4 -
=2
S
o= xQuis w2 ={00)d
{1) woig
2=0+0, uey=(9v) g
(7) woxg
O=qeom
dpu oy
v
64 O+l —1 uel=
q;!
Isjsuwieied @ JO SUOROUNS Sk sjibaju) =




Integrals as Functions of a Parameter

A-56
Diff. w.r.t. y be using Leibnitz’s Rule
e7sinx
—| F(y dx
LLr()- 2 <sx
= .Ti.slll sin x ans sin xdx
B x
=- Imll.!AJGSR cosx)
1+° X
= m]%l@@.mioogv i
—.T.V\N 0
0
-1
-0 |-
1+y 1+y
= Fy)=r
I+y
Integrating w.r.t y
= F(y)=cot™y
= T mEx&« cot™ y
% dx
8. Given = , by differentiating under the integral sign
.FN cos’ x + b sin x Ng y & gral stg
b’
% nla’ +b*
deduce .M e = A 5 v . {September 2010)
? cos’ x+ b sin ev da’b
%
Sol. We have % L e 1Y)
a’cos’ x+b'sin’ x 2ab
Diff. both sides w.r.t. ‘a’ and using Leibnitiz’s rule
% N 2.
._. 2ac¢os” x v = ﬁw
B AnmoOm;Jr@me;v 2a’h
cos? x Vs
= dx = 2
._. 4a°h @

22 .3\?
Am cos? x + b cos L

Similarly diff. (1) w.r.t. ‘b’ using Leibnitz’s rule

|ntegrals as Functions of a Parameter A-57
—

% sin’ x 7
| =g 3)
F AQN cos’ x +0° mmzwxv dal’
Adding (2) and (3)
% cos’ x +sin’ x 7 T
._. 3 N&H =t 7
?-oo% x+ b &:;v 4a°b  4ab’

B N N Y SRR (s
Q?Noo%x+@~m5~xv~ dab\a® b 42°p°

T

a+bsing) do . b
—_— =zsin” —,
a—bsing )sin@ a

2
9. Provethatif a>b, [log (April 2009)
0
Sol. In the given integrand, there are a and b two parameters. Because of the presence of

1
—— as a factor in integrand, we consider-only ‘b’ as a parameter

sin§
a+bsin®) 46
Let log| ——r |— A
U .% B a—bsin ) sin0 @)

Diff. both sides w.r.t b by applying Leibnitz’s rule

JA .
d ] a+bsin8) 46
L)) = [ZLigef £10SMU Y 4O
%) %% 8\ &= bsin0 Jsin6
A
) d6
= | +bsin6}~1lo bsin®
_.m@ﬁom? in6)-log(a—bsin V ps
I“W s sino ] do
sla+bsin® a-bsing [sind
7 1
=2a lll‘&m
—~b*sin’ @

% 2
sec’ 0
=2a : d6
mﬁaw sec’6—b’tan’ B

sec’ 8
=2
. m*.«m +(d* I%VE&NWB
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A-60 Double Integrals and its Applicatioy oocc_m integrals and its Applications . L A-61
1 2 WY 2 2 2 Region A, (QSR) A
x x
H._.v\ M.m mu}r.-.v\ £y dy : H?HQ&TQ‘T,\QNIVNMHMNEOMQM&
0 0 1 0 :
2 Region A; %OWHV
v y 2
T Jdy+ |=(2-y) dy ]
- =¢{x, ”lIMyAwn as<y<?2
0 2 1 2 A v\\_ 20 Y D%
J . 2 Via
= .*.M \+ _»v\\h, A‘E.TE v&% . . : - ‘— .\xAHmu\va\.&HN %%\.Aku%v«@&&k
. ‘ % Vruens? A
2
ST TN - s [t e
0 < K
d , )__ N A . |W~ a cl,\nNi\.‘.N o 2a ) 2u2a
i |y +|H. 22233 2 = _, ..‘ S {(x,y)dxdy + b. _. F(x,y)dxdy + \.. 4‘\‘?,5&&"
G 2 3 4 \_ G ._L =+/\|||I'HM @ ‘<~
Jo i = ! ==
2a 2a
nw+wﬁ wlm‘*# l.\olwhﬁw , Here given f(x, y) =1
6 2 A 3 3 4 5 20 Zax a . 2u 2a2a
i __‘A 1 115 9 ‘ . = _. b. H.SR@H.M ND.&TT_. _. dxdy + Q. _.&«3\
= ——— =t = - (¢ i a
6 213 12] 6 2 12 24 ; asfaiy r
o 2 « . mn
I = AVQI QNIENlW: wl.:wnlal le.wgﬁ&l. at|.~&\
a
2. Q_msmo the order of integration .‘, _. f(x,p)dydx . Hence evaluate it when m ’ e
0 Jux—x* 7 b T \.lllls [ AT
frax- uvaN @ -y ~ZLsint XL STN)E lmlm_s-_ v [ + 2ay -2
\A\ﬁ.&uu. . (April 2013) 2 2 a ba| | 2 2 a 6a |,
Sel. The region A of integration is given by uﬁmu _afx lmw.f & _a(n + 4a? lmmliwn +m.m.,”
1 T2\2) 76 22T TS 6 ¢

A u?ﬁwv”/\mmxlxu mwm/\wgvomNMNL

wn/\MwlxN ie. x’+y"=2ax=0 is circle with centre (a, 0) and radius a and = s 4 +a’ - p +|mx
knz\wm ie. ¥y’ =2ax is right handed parabola Y : 8

with vertex at  origin solving »'=2ax and T(2a,2a) =37

Xt +3* +2ax, we getx* =0 (16-30)
ie.x=0giveny=0 c

Cutting the region A by horizontal lines, we see that
A is divided into three sub regions Ay, A, A; shown
in figure by OPQ, QSR and PQRT respectively
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A-64

Double Integrals and:its Applicat

v

Sal,

= [fio-s )= |

5. Aﬁmcﬁm :A..%,T%N Ydxdy where A is region bounded by circles Xy =
A .

N

16sin? 6-16sin* 0] 48-32sin 0~16sin’6 |
R |
x8sinBcosBd0

mly.

74

72

.’. mamoommelemEb §—16sin’ &mmms Bcos0dO
9 . -

A .
312 Yei
Sy TEooo%Aw —2sin* 8 —sin® 6)sinBcos 620
0
%
= mwl :wmmsu Bcos? 0—2sin® 8cos” §-sin* 8 cos &&@
- I
_srffiln |A$:m NEARE
f 4272) (864272) (8422 .
_512m[24-5-4
3 128
512m _L
=2 —|=(57)(4)=20m

a’ and

X +y' =b" whereb>a.
Given curves are

¥=y'=a® and X’ +y’=b" (b>a)
x*+y =a® is circle with centre

(0, 0) and radius = a

x* 4y =b is circle with centre

(®, 0) and radius = b

Using polar co-ordinates

z=rcosB, y=rsinb

es<r<h, En

& .____‘;{
—
Xl-.l
S
<
3
2y,
®

:w +\< &y@

7 (April 2011).

uble

Sol.

A-65

.ntegrals and its. Applications

oW .‘..TQ dx @ll where A is the region cammon to circles x* +y* =x and

96
Ay =y . o : Awmcﬁéwmn 2010)
The equation of two circles are ‘ v
FHyi=x | )
and X +y =y 7 v @
From (1) and (2), we get
X = Y \. '
Putting x =y in (1), we get .
y 4y =y or 2y'-y=0

- y(2y-1)=0
; 1 .
=0t -
=Yy 5 ,
1
=05

2]
%

. circle (1) and (2) intersect in @o_iw 8 0) m:a h

-~
5
£

2

Zoﬁ@ogcvu y=tyx—x" "

:): 4x*

and from (2), y=

2
1 1
But 0<x<—,0sys— 7
2 A
- { — 2
.. y varies from ! iw R Vx—x*
. H oy I=AI= 4x? — i
s A=4(xy): 5 SySvx--x vamuﬁmm
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A-68

Double Integrals and its >nv=om=o:m

Sol.

2 =day =y ~64a’y =0

pouble Integrals and its Applications
p—

A-69

wn?:ué“ asu<h, nm<m&,

4a :
= EC\A Im#m.ﬂvnou y=0,4a

- 4a

Now f(x, y) = x is continuous over A

A=4(x,y): 0<y<4a, R.MRMN/\MNM

44| 2y
.:.H&x&\u.q ._ﬁu&x ly

o

4u

324
5 4a
2 Y :_
= Qv\ _——
Mmomwgo
4 5
—16a 1024
1604
= Mmlwm a
5
48
=—a

Evaluate .:.xik@ where A is the region enclosed by four parabolas y® =ax,
A

y:=bx, x’ =cy and x’ =dy where a, b, c, d are +ve reals.

(April 2009)

The region A of integration is bounded by the four parabolas y'=ax, y’ =bx,

x'=cy and x’ =dy.
Let us use the transformation
2 2
R Fal =v so that
x y

the region A is mapped onto the region

2

Y

2
X

Now “—=u,—=v
Xy
= HIN.N.IHX: o =t o x =
¥ x
Ou dul |-y’ 2y
(w,v) fox dy| | x
Al —— = =1—-4=-3
EIER I O I
ax |l |y ¥
E;n_m?i nw
_w?%v 3

:%&x&\n .:.A:XJ\NVN W,&:B\

b
TX&:
_1 i bl

5
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1
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w]ml
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x2=dy
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A-72 % Triple Integrals and its applications

.
| o
xu.\wglwv

Since M lies on the z-axis where OM =z
. M = (0, 0, z) is the centre of the circle of man:os
. equation of the circle of section i

. a N
x4y uﬁlhxlmv
LA

( 2
Hence V = ﬁxcpmv 0<z<hx" +y° A\|§ %f
. L 1 J

= Ax,v\uwvwommm\ﬁlm?lmvm <— QT. v

A h
o a4 \
- MQNINVN ' £x< MC\TNVNI&
- Volume = :‘ b dx dy dz
A\
[ toen {Zor
= .ﬁ _. 1.dx |dy |dz

| T D
7 I/\Nm?lmv ~y )

Triple Integrals and its applications

A-73

3. Eyaluate .S.i dy d; where

v (x,9,2)x20,p20,220
X+t 7t <l .
Sol. Since region of Integration is first octant
Put x=rcosfsing

y=rsinfsing

y=rcos and |J|=r’sin¢
Here 0<r<1, 0<6<Y,  0<¢<t
2 2
. 1-x* =y
Consider :_.]]||N&,&<&N
1+x% + 57 +N -~

It

0(__.le;‘ (=31 (SRR]

2

-7
:. x sin 0drd 0d4
00

M. indd ¢ .ﬁf = v ridr
0

3 L2
Mm T4
=10]2 [~cos¢|? d
rm ch%fl.w \
72
nﬁm ﬁioomm +8mi .ﬁ
ﬁw L w. P
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Triple Integrals and its applicat

Sol.

. 1 ~ 1 11-Z1-Y~2Z
Now |[[dsdydz= Emm %QEN,.MN [[ [ axaraz
A% <. o0 0
ui:_ﬂ x| avaz
24,
1 1 {1-2
“umm%* [(-v-z)dridz
gL 0O .
1 2 -2
Ly-Xyz| az
Ty 2 T
1! (1-2)
——a-z)-+—L-z(1-Z
%) (1-2)-"— (1-2)
=2
i 2
= o+~._ au
3| 144

Ky =a.

<HQN,FNY x20, y20,

Pu x=rsindcosh, y=rsindsin®,z=rcosd

220, x*+y' +2° MQJ

oMomN,

2

\

y=i(r.06): 0<r<a, oMmmwm

_.\TK sino
.m: ¥ +yaz v&x&ﬁw

v

.? sin¢cos8)(rsindsin 8)(rcos0)r’ (r*sin¢)drd8do

S8

D
u...ﬂ.ﬁ

s

¥ sin® GcosdcosBsin m&m&&ﬁ

1l
P,

Evaluate .:. k.ﬁ?% +y° +NJ§@§N over the positive octant

of . sphere
(April 2011

rip
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e Integrals and its applications

Letl= .—J.% ,.w._om zdzdxdy

T oot

e |logyfe
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E )

&

&
Now TomN&Nn To,mN.EN
1

X

H?a loge® - _om_v !n_.EN =xe* |Ew
; !

=xe" (e ~1)=xe" —€" +1

Tom {1), we get,
eV

I= .*. ow. xe' —e* iv&n dy

= _,Tm.« —e' —e + L“_f dy= .:H? -
i

M .?m&%”.kmu - .?.mk&xnxmx lm@

m + xu_aﬁ dy

mcomw ~2}e"™ +logy lAINVT@

ki
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i

A-TT7
A %
.ﬁ‘ in’ eSme&e .78@ sin9d8
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HESNEAY Rt
8 L4212
-Tu n_a .
8 M\8) 64
. 2 bogye®
N /\gﬂ M _% logz) dzdedy =— Giwm -3¢1). (September 2010
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A-80 Triple Integrals and its applicationg
TS !
1
=2r 1.1
3
\
= Nﬁ“ Iva = |A|,|q|ﬂ
15) 15
11. Find the volume of truncated cone with end radii a and b and height h,
(September 2009)
Sol. Consider the cross-section of the cone by a variable plane perpendicular to z-axis and .

passing through the vo,:: P(x, y, ) on the cone. Obviously it is a circle. Let OM = z,
where M is the centre of the circle which in the case is the above mentioned cross.
section of the cone. Obviously 0 < z < k. Radius of the circle of section = MP =R (say).
Now from similar triangle AMP and AOB, we have

40 OB

. h—-z R
ie. =—

h a
[-04=h0M =2z,
L AM —h-z
and OB = a,MP = R]

Pix.y,2)

a
o R=—{h—z
2 (1-2)
Since M lies on the z-axis where OM =z
.. M =(0, 0, z) is the centre of the circle of section

. equation of the circle of section is
2

4y = W?lwv
h

2

Hence V = Axv‘<vwvwommm>uxN+&NMMw QINVN ,
= A\ﬁ?&womNmFlmQTNvMV\MWQTNV
h h
a T e a :
- '\NINQNINV —y' <x< I\Nwﬁwlwv -y

. Volume = D b dx dy dz

" integrals and its applications

A-81

=> volume of cone with radius r and height # =

1
-~
3

*h

Given truncated cone with base radii ‘a’ and ‘b’ and height ‘i’

s AD=a, BC=b, AB=h
A’s OAD and OBC are similar

0OA OB
= L=l
AD BC
Let DA =«
o O+h
= =27
a b
= ab=0a+ah
- o= ah —Od= ah
b—-a b-a

Volume of tmincated cone
= Volume of cone OFC — Volume of cone OED
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SEQUENCE AND SERIES OF FUNCTIONS

E

m\mﬂmg Weierstrass’s M-test for Series of functions. Hence show that series

_YYeieIStidss s

oommkocmwx
cosx+—5—+—5

September 2013
5 Py (Sep )

+ veeeee cOnverges uniformly onR.

Sol. Weierstrass’s M-test: A series MQ

n=1

U, Axvpm?\: forallnand ¥x € X and -

) of function will converge uniformly on X

(i) LM, isconvergent

cos2x cos3x

Now MQ~_?uuoo§+|m|~,|+»lw~|+.:‘ .....
U0 =

.n
_ M _oofcﬂ_ 1

2

* _ﬂ{xmw

1
But X— is cgt [Using p-test]

.. By W. M. Test the given series is uniformly convergent in R

W\wros\ that if f(x)= M ! — : then it has a differential coefficient equal to

ot rntx
-2
RM: AH+=R VN

1

3 4.2
nw+nx

Vx. {September 2013)

Sol. Here u,(x)=

sequence and Series of Functions

A-85

\
_*
sw C+§~v~
d

Now u, (x)is maximum value —(u;(x))=0

dx
C+§~v~ I»E%A_femvuo

or 1-3mx? =0
l

n

or x=
V3
2
MaxJu, (x)|= : =
wx\N 1+-
3
33
wx&
Then Ju, ()| A|_MN for all value of x.
2

n

is convergent.

But M||
n

Hence by W.M. Test, the series M N\ is m..m for all real values of x. The term by term

differentiable is therefore justified

)= (x)

n=l -

= INNM

n=l 1 G+5 vw.

e s,

f\m\m:::_a for term by term integration of the series whose sum of “n” terms is

nx(1-x)".
Sol. Here f,(x)=n"x(1-x)"

(September, 2013, 2012, 2010, 2009, April 2010)

2

o f(%)=1lim £, (x) = lim n’x(1-x)" = im—2 |2

n—y n—yoo

. 2nx
= lim

(1) " log(1-x)(-)

:IVXAHIMV..: o
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w.m.ncm:om and Series of Functiong

———

Sol.

dy n-n'x
dx G+3Nx~v~

d*y C +n'x VN ﬁlm:.w& l? l%xmvmﬁ + x”HNXNmNHV _ lwzwkhwxuam !:v

ax’ C._.mw.%v.w C.:}mv.‘
1N 1
d'y rlwm n me i flwi?t:vul§~n|=NAo
dxt = S+ 8 2
1+n° m (L+1)
n
= y is maximum, when x= 1
—_— n
nt
—n 1
H+:~.P~ I+1 2
n
o w nx i 1
Thus M = Su \ » = Sup|———=0|=Su =—
" ﬁm?.ﬁz wA ‘ elesl| 1+ 1 ~, a_m\w: mkﬂ 2 ‘

Thus, M, does not tend to zero as n —ee
. By M,-test sequence < f, > is not uniformly convergent in any interval containing

ZEro.

Prove that the sum function of a uniformly convergent series of continuous
functions is itself continuous. Is converse true? (April 2013)
Let the series MF?.V be uniformly convergent in {a, b].

We are to prove that f(x)= M:, (x) is continuous in [a, b]

Let f (x M: {x)

Since the series is unifornly cgs in [a, b]
- fore> 0, we can find a —ve ‘ateger ‘m’ independent of x s.t.

L) =F @<

In particular

Vnzm and Vxe[a,b]

sequence and Series of Functions A-89

— . - G

\s?v!\?va Vx in [a,b] (1)
and _\smnvl\?v_Aw when a<c<bh ®)
Now \Axv is the sum of a number m of continuous function and mo.wm itself
continuous.

38> 0s.t. (£, (x)—/, Anv_Am forall xin |x—c|< & 3)
From (1), (2) and (3)
(=)= £l =lf (x)- £, (x v \a Ti%,\ss-:;
m_lxvli )+ ()= 1, f.(e)=1(e)]

€ £ ¢ )
<—+—+—=¢

3 33

Hence f(x) is cont. at any point ¢ of {a, b]

o f(x) is cont. in [a, b].

It may be noted that uniform convergence is only a sufficient w:ﬂ not a necessary
condition i.e. the converse of the above theorem is not true.

5 S
Consider the series " I: M,N - AMN _va - | in[a, b]
nx +{n—-1} x

n'x (n ICN x

U = bt 3
t+n'xt _+A -1y x*

Adding, we get [, (x) =

1+n'x
ENH
= f(x)= :s\:A )= lim ———=0 C Vxel0,]]
nevee | p° x©
Thus f(x)=0 Vxe[0,1]

Hence f(x) is continuous in [0, 1] .. cont. atx =0
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gcm:nm and Series of Funciions s A-93

‘Sequence and Series of Functiong

"
_| .o EN\K 1
l 1 g estfor uniform convergence of the sequence { ———— ¢ on the interval [0, 1}.
X i- . T+n'x" ]
4 J.ru«.a v: - .
XL, 0 \ (September 2012)
[ =l 1 2
4 nox
T:_J ATT». ) 1——— ,.\?,H )
/ -4 L Let Jal 3 5
T+x 5o ~ T+nx”
| , x
T . : f(x)=lim f,(x)= lim—2—=0  Vxe[0,]]
i | v oo R=—pc0 n-—oo _. 9 ?
=(1+x%) 1= LI
A ! AM +Hhv= n
i 1
L J = f(x)=0V x
b2 | 2.
. - N orx | nox .
, . . 1+x* when 0<x<1 . Now |, (x)-/(x RS Nlownmu 1
S(x)=tim S, (x)=¢ ‘ jienx i+ nxm
T e 10 whenx =0 )
. ) S : n'x
Since S(x) exists for all value of x in [0, 1. Then, the series is convergent m [0, 11 Let y= -
For 0<x <1 and For givene> 0 I+n'x
o - wN,A NV.AN\X 3. :
_ @lﬁ.ﬁxﬁw: nex Nm\flzwtwmaw
. 2 - D
T.I%HMV ATI%\«J
.dy
For max. or min. — =0
dx
1
. - = :N|3m\<w =0 Hvk“l.w\ AU
"
v, 32V SN (.2 /
dty \ltnx ) Alw:dl!? l:mawvwﬂ_.rxwxwvw:ww. lw:wxmwsmlm.ﬂ«wv
i 4 , = -
dx Gi%xwv cfmxﬁm
(On simplification)
: " £ ) , .
ifhn—1>— - % i i
Em”:.+ﬂ/v : 4 ! lwxb__ -5 w:Nrsm.iw 3
Y / ¥
El " 3
- dly n? ' —n? 7
e ! Now =21 | = B YO Y
_mm . dx x== 5 HJ 2 N
te,if :v?l\ﬂ!.lw,..hxsi?,%x\wo nl t+n .l
womﬁ._rx,.\_ : n )
) . . . oy . e .
o, the given series i not uniform convergent [0, 1] and x = 0 is point of non-umior Which show y is maximum at x = W\ - )
convergence of series. ; w2
Sw\«
\.<“
1+mx’
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A-98 i Sequence and Series of Fungy

3/
07 2 /\M c I.l~
n =— 300 38 5 3 oo NQ\Q.:WMH mﬁou:
1 2 3
w+=

2
7
xw

v

Since M, does not tend to zero as n — o, the series is non-uniformly convergent on
1] by M,-Test. Here 0 is a point of non-uniform convergence.

. Test the sequence A\: Axd for uniferm convergeuce on [0, 1], where: (April 251y

2
. nx . nx
i X} = il X3=
C\:A v 1+n'x? Av\aﬁ V 14 a°x?
nx tvo as n - oo
1+a*x

Sol. (i) /,(x)=—~
L f(R)=0 20 vxe[o]]

Julx)= 1 (2):xe [0.1])

xN«
4

M, =s 1

= supd —————: x& [0,1]
U_/uﬁx 2 M !

vV
x
it
|
#
<

.
_ 5 | [Taking xlmemoL:

Q

T+nt—

= M, does not tend to zero as n — « in {0, 1]
= The series in not uniformly convergence in {0, 1] by M,-test.

nx

(ipLet £, (x)=
) 1+ n35?
n
g0
then, f(x)=lim f, {x)=lim =lim =—=0
n—yee xlvoouu*.\aw N -y M X
—tx
NE

e and Series of Functions . a7

T +x? v?v l.AE&AwaL _ n- n'x?

—= 2 2
dx A_,I%xmv T.T: Nv
&v\ 0 ‘ -
For max. or min. MM.«
_1 1
= n- nixt=0 =i° -5 Dx=—
. n w2~
2 : ‘ .
dy A:.muawv Alwip.vl?lmf%vuﬁ+zwaNXmswxv
. - — 3 - -
ds* A:xuxhv
lwmw\«ﬁw:lszw o )
= T (On simplification)
A_+:wxr.v,
o L 1)
i 21, 3n—-n'.~z 5 s/
3 3 b —
»\lmmi .= 2 ! ;ulnﬁ\M o <0
d | =5 SN R 8 2
P M+n.— :
\ n’
i
Which shows y is maxinmum when x = 7
X.\N
nx
y
T+n'x
n _
e 1
Co Veax T H.H:; ‘
T+ — uz\m.
.3\
\ m n | ]
M, nsz\L ‘.?;um%_ T Eo 2 0as n o e
xe[0,1] et xtl 20n

- By M, ~ test the sequence < f, > converge uniformly on [0, 11.

Let T}:W be sequence of function such that on [a, b]
im £, {x)= f{x) and M, nmib A&(\ALM or {a, b}
L aad -

Show f, —funiformly iff M, —0 as n — . {September 2811)

Necessary Condition: Let the sequence {f,} converges uniformly to f on X = [a,

~

Then for an £ 0, there exists a +ve integer m,
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A-100 : Sequence and Series of Functions sequence and Series of Functions i A-101

——

i
H

1

fnx>—-—1

£

stvw WI_

X\ €

=n—ee ifx =0
Sothatx=0isa @om:m of non-uniform convergence of given series.

Now T ? 0+~

§ e Ow+«m.m
Iﬁomﬁiﬁ.v.‘m _log(l+n)
LT g n -

. 1 | NN '
Now lim [, (x)dx= lim log{l+n)

] oo ) n
= lim L =90 To forra . using L'Hospital Rule J_
nmee l+R ] *loo |~
1 B
mnsoo\_:s ._.b : im -f, { ‘CV&«
:LX 6 :..wuo

The series is Eﬁmﬁmzm term by term on [0, 1], although x = 0 is point of non-uniform
convergence of the series.

Show series M converge uniformly over any finite interval [a, bj for

n? +\4Nae
(Hp>1,q20 (i) 0<p<1, p+q>2. (April 2011)
(D Whenp>1,q20
. x
Here xXj=—
f.(x) n" +n'x’
Since x' 20 Vxe[a,b]
= 720 e S A
mhcn {since x 2 ()

Where' & 2 max {ja],|b]}

. a .
Since MU\S = MUIM is convergent for p > |
n v

Therefore, by Weirestrass M-test the given series is uniformly convergent for
allx € [a, b] ,
(i) when0<p<1l,p+g>2

Since f, (x)=——"—

Dot ety
() _(wantx)a-x(on'x) (0" —nix)
Toax (n” +mwvm .A:m,_,maxm%

To find max. or min. of f, (x)

4.(x)

LAWY

ax

=" -nixt=0 D xP=n" = x=n

{x) —2n'x{3n" 2
Also a \)CQ " «A " x,x u (On simplification)
dr Ai +xd%v.
)
- =2n'n 2 [3n® —n'n"
o T2 2 )

_ 2n'n * ﬁ:ﬂls& _ Im:ﬁ Amsj lesﬁ.; 0
?m +amw4 Awiv‘ 2

Which shows f, ?Q Ismaximumatx = » 2 and
Maximum value of

g

. « n? ]
.\k: A.ﬂv“,\: AHVH“HH:WN = H ’ = £*q
“ 2n?
_ .
TS R AR
= _.\H. AvalN:w.fxf\LM Y < Ptg
i St 2nt gt

2*g
nt

. Sy b, .
Since M\Qa HNL is convergent if .mw«\ >liep+qg>2

Thércfore by weierestrass M-test the given series is convergent
forallx € [a, blifp+qg>2.
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Sequence and Series of Functions

28,

Sel.

and M?& ‘,M\xi

r=l 4
Also given 2, \: converges to f
ww def. for given > 0, roén/ qer small we can find a +ve integer N s.t. Vxe [a, b]

V2N

_\

=l

; _QNN

r=t /]

Oosmaﬁ

= .T&IM

_ r=lg _

ﬁ\ M\“&AITW@WQ

a

= _kgTM?%Tm
A= P

[}

(x—a)<e s ‘..amma,@

MC. h%w converges uniformly fo % Jde -

M fdt = M_ % f.di Vxea, b]

n=

at is difference between pointwise and uniform convergence of sequence of

. . X . . .
functions on an interval. Show sequence f (x vlw e is pointwise convergent
+u'x

but not unifdrmly convergent on any interval containing zero.

(September 2010}
POINT —WISE CONVERGENCE
Suppose < /> n=1,2,3, ......... is a sequence of a function defined on [a, b], then
the sequence < f > converges point-wise to a real-valued function f defined on [a, b],1
written as .

poo.

J,—7 onfa,b]
If ¥xela,b],Lim f (x)=7(x) ic. Vxelab

n-ce

and given

any €> 0 however small 3 an integer Eoﬁ%aozﬁ on x and €) such that

(x-S (x)<e

nzN =

geguence and:Series of Functions : A-105

UNIFORM CONVERGENCE

The sequence < f,>,n=1,2,3 ..., converge uniformly on {a, b] to a function fif for
every > (.

J an integer N (independent of x and depend on €) such that

2| (x)- 7 (x)|<e Vnz=N

% It is clear from the definition that Uniform convergence = point-wise convergence and

Uniform limit = vo_i-csmm limit,

Here
o~ \\ﬂ -
A 1+n°x?
- b
nx . 0
=lim lim -~ =lim—t— = =0
S) Ia\Av T 04X’

\.I]JTN..I . .

= f{x)=0 VxeR

Now |/, (x) =/ (x)|=

L
M+;x ]

Let knlci:m -
l+n'x’ :
dy C+:~\«,X~.NVIA§XN:NHV He-n'x
- 2 = 2 2
dx G + :J‘.Nv ? +n'x VN
. dy
For max or min Q,\ ={
Ix
2.2 2 M . w
Dn-rx =0 DxX=—oDx=_
nt )

Now &\ n—nx

2

LAy G iyt v Alw:.ﬂ«v --? —n'x vw? +1x v Am:f.v lNzu.«Aw:wHu lmv

& ?‘T:NRJA T+:w>.u v...
VY #
—2n7 | - i 1
A&T\ ) 7 ﬁx\fwm w\]iN:walmvll&wENi’\.on
&< .,n,. ; N - . =
M\r.:ulﬂl‘ Gx:v 8 2
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A-108

«M\\m:os that the sequence {f,} where f,(x)=

for all x.

x
Sol. H X)=——
ere /1 (x) :ATTE%V

T
W T +§~vlk.m§

:G+§.Nv~

= l-nx'=0
= nx’ =1

When x < —= lulﬁ\ (x))>0

/\1&»

and when x VIN! MN:A\ (x))<o0.
<3 dx

[y

U MA /£, (x)) change sign from -+ve to —ve
X .

= f,(x) is Max. at xllﬁl

So that Max.

\

£, (x) =~ H“H

1
A

and

=1/, (x 7,

Ty
: n’?

Sequence and Series of mczg_
; Sl

X

:?+=&J

-~ By W.M. Test the given series is uniformlycgt Vx.

“is uniformly no:ﬁ:.w ;

(April 29qq,

50l-

and Series of m::oﬁ_o:m

A-109

_HEWT.T: Z .. Show that the

’ 1
Given the series Zf(x v for s&_n:\A x)= -~
series > 1 A vmomm not converge :E?Z:? but the w.<m= series is m,:,mm_\g:mc_m
term by term. (April 2009)
Let f,(x)= (1+n'x), - 0<x<l
= Limf,(x)= DSMILom?.g 1)
n—yoo —e Ip .
={) oo .
Also consider m?v Lim \s A ()= CEIHI.VWW.M:
e e O gt ~+; N
xf_slzxs, -=0 Aomams
Bl R
Thus  f/{x)=g(x) (0<x<1)
2
’ Xn
However, x}-g{x)f=———r i3]
! ()=o) = (
d , 1
Taking X = —-, we get maximum value of (1) is —

C 2

£ (x)-g(x)
So, M, does not tends to zero as n —> oo
Hence by M, —test

So that M =sup

N |

> \M_\ ?v does not converge uniformly to g(x) on [0, 1]

Also  fi{x)=g(x) Ve [0,1]
We know f( M\

d3 = d

o _v.4 !
U&M\,A M&\A Vxe[0,1]

= The X f,(x) is differentiable term by term
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A-112 A-113

Thus integrating both sides w.r.t. x

3 5 7
Ss,uxuxtmw;+wm||w.+ ........ for —1<x<1 We get
3 S 7
Because for x=%1 the power series on R.H.S. become : @n” x=x lwwl + Wl 1W| ot C
H\TMJLL# ......... uiaci.lﬂl When x=0,c=0
3587 2n—-1 s s .

. L. -~ X X X

Which is an alternating series . : sotanT X=X — bt L for~1 <x<1 .
ibnitz’ i he R.H.S. i forx==+1al 337 .

R w.« Leibnitz’s test the power series on the R.H.S. is convergent for x = also Because for x = + 1 the power series on R.LS. become
Therefore it converges in {1, 1] and hence converges uniformly for xe er : 111 ( 1

1 4 7 H M.I|..+||||+ ..... een “H ..IHV fo—

- 3 . 5 2n-1
Thus tan™ x=x =t 2. for ~1<x<1 : ‘ w. 7 . . n—i

3 5 7 , : Which is an alternating series

By Leibnitz’s test the power series on the R.H.S. is convergent
for x = %1 also. Therefore it converges in [~1, 1] and hence converges uniformly for x €

t: .
,\msoz that _._ an_ & M N 5 . {(April 2013 [-1, 1]
?a n+ ’

1 H... «Am .v«.q
Sol. Wehave (1+x*)" =1-x* +x' —x* 4. (A) Thus tan™ S AL ira S for ~1<x <1 (B)
3 5 7
tan™ x x-i X X for _R_AH
35 7
dividing both sides by x
?.m:csa x* = L , . .
tan x X x .
=]l mtegrating both sides w.r.t
x 35 7
xfrom0tol
1. il
tan” x | ¥ ¥ X
—gX = .xl.lﬂ+]|||~...l||~..+ .........
B o o,
.. for interval of convergence . 1= 1 . 1 __ 1 o,
Sh<l ORGIG

= |xi<1 | . HMAICT_ ! NHM -1 )

= ZAH

ey < x+2
= -l<x Ap . ) . . . : %\wﬁa the interval of convergence of power series Mflvl (April 2013)
Therefore the series on the R.H.S. is a power series with radius of convergence unity — on ,

wo_.davoie.wm:oma ME

and converges absolutely for -1 <x <1

As such it converges uniformily in (<A, A) where _\m <1

The series on R.H.S. does not converge for x = %1 Take x +2 =t
(~ it oscillates for these values)

The integrated series will have the same characteristics.

p
The given series become Ml.
n=l 10
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-116 i .
A Power Sarigg power Series . A-117
\ N
n 1 2
YT —lasn—yeo a1 For x° =1, the series on the R.FL.S. becomes
. I+~ i .
n , . 1 13 135 1.35....(2n-1)
I+—+—+ +ot o :
. The result holds for x =1 also. 2 24 246 24.6.......(2n)
(April 2012, April 2010, September 2009)- Here u, =
) -
+ 13.5.....(2n~1)(2n+1)
B =46 (2n) (20 +2)
where —1< x <1 and deduce m 11,131,133 H» : ; : I
. 2 23 245 2467 . LM _Ant e
Sol. Wehave - Uy, 21+l .
i 1
1 R _ (
(1) 2 =14 ()0 12 (2 222 (2Y | il o {22
2 2.4 24.6 n—ses U noee (2041 ]
..+~.w.m ............ @ml&%? . w(2n+2-2n-1) .
246 . .(2n) neyoo 2n+1
235 2n— .
HM+M, (2n :.a? s T HMAM
o 2460 (2n) no=2n+1 2
- . By Raabe’s test the power series on the R.H.S. is divergent
135 e (2n-1), 2 2
P 2EYY: (2n) (where 27=1) (1) forxt=11ie. forx==1
. nel T Therefore series on the R.H.S. is absolutely convergent
ere .
for x € (~1,-1) and uniformly convergent in (—A, A) where _\ﬁ < 1. The integrated series
1.3.5...(2n-1) . . o T - -
a, = Iwagvll : , will have the same characteristics.
Thus integrating (1) on both sides we get
135 (2n-1)(2n+1) 135 (2 1)
et =0 (2m)(2n+2) . sinx=x+ Y - +c
2D 246 szv 2n+1
R= CM _ Forx=0wegetc=0
nee| | - 122 13 % 135 %
LosinTx=Exd - — -
g 2nt2 2n+2 1 : 23 245 2467
H—o0 NS.*.M me ..... AN:IMV .«M:i
: . . + for-1<x<1 (2)
Therefore the series on the R.H.S. is a power series whose radius of convergence is 246...(2n), 2n+
unity. Clearly radius of convergence on the RH.S. is unity and as such the interval of
The series on the R.H.S. is convergent for E <1 convergence is —1 <x <1 . .
ie. for me <1, By Raabe’s test for x = 1
, ~ , Here 2 _2n+2 2 2n+3
ie. for [xj<! M Vi 2n+1 2n+1
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A-120 Power Serigg

Which is an alternating series and hence convergent by Leibnitz’ s test. The above serieg
does converge for x = =1, nEm )

2 3 4
X X X
log{l+x )=y~ b . Wfor —1<x <l 2)
g(1+x) T @
Deduction
Put x=11in(2), we get
_omwualw+w+w+..
. 2 3 4

10.  Findfadius of convergence of power series > (5+12i)

(September 2011)
Sol.  Given seriesis ¥.(5+12i)z

Here a, =5+12i

la,|=|5+12]=(5)* +(12)° =169 =13

Lim|g, _= ICEABV: =13"= =1

300 n—eo

<. Radius of convergence = ————=-=1
Lim|a, |
H—d00

= interval of convergence is (-1,

11. et Mn x" be power series with radius of nc=<mqmm=nm R and \ Ma x"

n=0 n=0

= (g
M:

for |x] < R. Prove fx v: for Tmla_,Axl_a_.

(September 2011)
Sol. Suppose _k - Qw <R l_z_

...._x_H_kla+m_mT|n“+§Am

& f(x)=3 a,x" converges
n=0

L4 .
gwer Series - . . - W.L 2!

Consider f(x) Max IMQ x n+a

Ma _“ HIQV'ILS

n=0
\Mm M C.d" (x—a)
n=0  r=0
N o
=1 "Caa™" |(x—a) ()
r=0n=r

Replacing all the anmsammm by their moduli and taking all terms with positive sign in (H
~F — n

e[S C Lol Pe=dl= 2 Ja(|x-al +]a])

n=0 r=0 n=0 -

Which is power series and converges for T. - a‘ + T_ <R

.. The change in the order of summation is valid

Since f(x)=ay+ax+ax* +...+a,x +..+a,x" +..

\S?vuajrwnmx.;mwxw,v+wal++§=x7_+..

~

7@ (x)=2a, +6ayx +..+r(r —1)ax - n(n—-1)a,x""* +.

\.AL ARvHFDw +..:+=A§ICASle:.ASl\+5Q:H=l~. o
n._HT +*Ca

. n
rra gt T

b .
. [ n—r
e FM ﬁw.Q:k
n=r

\Tv AHV — FM n QﬁQ:R:l.A
Atx=a |

(@)=Y "Caa™™ @

n=r

From (1) and (2)

RN )

:v
or f(x M \

n=C

(x—a)" where |x Q_Awl_&

x—a)" for |x—d|<R~|d|
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o=,
=

A .
A ) L
< siven series is Y

n=1

a,.,= nl
(n+1)

.. By Cauchy second theorem on limits
QB

Radius of convergence, R = Lt
oo Q
n+t

|~XA=+$
neyea 3 E

1l
=

A: +C= A: +1)

e n.n"

el (4]
n

n

1
E"*
+
!
N

v

. 1 X 13X 135%
W0W SIn - X=X+ —d——t————q ... for —1<x<1 hence deduce
23 245 2467 o

15.
(September 2010)

2.4 x8

Tr. 0 v x2 2 x*

IAwS kv Ee— bt e,
2 3 4 356
Sol. First part

We have
1.3.5

R= Lt

A-125

(where x* =t) (1)

1.3.5..(2n=1)(2n + 1)

G T 246 (2n)(2n+2)

a,

el (]

2n+2

=Lt ——=1

n—seo 20+ 1
Therefore the series on the R.H.S. is a power series whose radius of convergence is

unity.
The series on the R.H.S. is convergent for E <1
i.e. for TNT I,

i.e. for T_A_

For x> = 1, the series on the R.H.S. becomes
1.3.5...... 2n—1

A z v+ ......

1 13 135
[+t ot
2 24 246 2.4.6......(2n)
1.3.5...... 2n—
Here u, = (2n=1)
246...... Amzv
135...(2n-1)(2n +1) ,
Q:i = 24.6 ~
4.6....... @:Xu\i‘wv
U, 2n+2
) Uy, 2n+1 =
( 2
oLt i_ R G L@“L
nseo U, a-e | 2n+1
sAws.Twlelc
= Lt
n—3oo 2n+1
S QL
noe2n+l 2

By Raabe’s test the power series on the R.H.S. is divergent
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>.._N.m Power Sg
b 2n+3 3 3
=> ny—=-1}t=n lp=n—=—
b,,, 2n 2n 2
= Ltn b HM >1
" @:i N
By Raabe’s test the power series on the R.H.S. is convergent for x* =1 ie. forx =4
2 4 6
. MAmS,_xv‘nW;+m.W.+mwm.x|+ ........ for-1<x<1
2 2 34 356
Prove that powers series Mn x"
is radius of convergence. (September No::
Sol. Let s be a number between r.and R, .
Since the given series is convergent for T_ =7
.. There is a number k independent of n, so that _mx.E <k Vn
Hence, we have for (D
X n r n
l<r g Jar” = | k= by(l)and(2) 2)
. ¥ ¥

= T:H;A\f, h\ =M
»

n

. . . . r
is G.P. series with common ratio — <1

Since, the series k.
B

is convergent.

>3 M, =ky
. By Welerstrass-M test M a,x" 1s uniformly convergent for T_ <r<R

17./ Find the radius of convergence and interval of convergence of power series
. AIH v= u
~—t-(z-2i) .
> (- 2i)

Sol. The given seriesis »_

N

(September 2009)

AIM% ANINN.va

(Taking z -2 = #)

Here u, =

18

Sol.

A-129

n+l

=Lt

R

Lt

e 1)

]

= Radius of convergence of the series in t = |

Now EAH
= |z-2i<1
~l<z-2i<1

= =1+2i<z<1+2;

. interval of convergence of the given series is{—1+2i,1+ 2i)

nd the radius of converpence and :;Qém_ of convergence of the power series.

M =/\|+~ n
1+ 2in ’

:/\M.I.

1+2in

l_sﬁi

(April 2009)

Here a, =

|
|
-_%:_ ,\ll

S 1+2in| T4

T

1+4(n+1)’

=+_

2n* +4n+3
4n* +8n +5

,\N= «1 A’ +8n+5
Lt |—* X
= la., i}\ 1+4n°  \2n +4n+3 ,
N+P, #+m + lM
=1Lt n % non
n=yo0 ﬂw
f,:_w N+M+;ﬂx
n n o w
=1
.. Radius of convergence = R =1

= interval of convergence = (-1, 1)
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Fourier Series . - ; A-133

4 "
|s|?8m§+o_ —(=1)
nn n*
- .—\ x) sin nxdx
‘ = .;am::cmin ms:c@&«
an , ) . ) 1a v
FOU RIER SERIES o , W% - ¥sinx is an even and -
. o =— NTmSESQ.To - : o
: . : T x”sinnx is an odd function
_2 xhioog&u .T ﬁoo@,ﬁu&x
. : T noJy -n )
/\w:\os that Fourier series which converges to f Axv in _Tﬁi o . 2T COSHT 2 A _v,,
x+x' if —g<x<m g i n n , ,
” where f(x)= - is |I+AA|$ ﬁEIEL. . 12t e 4 m O
b : - if x=tx 3 2n , ‘..\?.vuxfmum. ”+M|i|: 8m§+M -=(-1) T::Q :
n=t 1 wet L 1 N
; 2 . . ;
Hence deduce that 11nu+.m,+!uw+r~M+:..:: (September 2013) ¥ cosx cos2x cos3x . sin2x  sin3x
; 6 3 4 =—+4 st — = Fp 248D X~ F——t .
3 3 1 2° 3 2 3
Sol. f(x)=x+x and xe[-m, 7] , o
R I . . . gJoosx_cos2x cos3x | [ sin2x sindx .
Let \Aavulmbi. MQ,. nom§+MF sin nx : : T3 92 32 smx 2 3T
n=t n=l - :
wv\mzwmimwod:z_w.n o ; : i . nl|+A ,: cosnx sinnx
. \A M 2n
x _.\ .2x+x v&xtm_.x&x+ ‘q dx o Putx=:n
. o - v ; y cosnx
o d[2] o] 2w o . (am) =45 | o
n 3], nl 3] 3 ) ~
;= s . > =l 4= %...\mxvnﬁw for x* nwim&\msﬁ
=— %.\?vo%é&xn{ ‘;anm3+xN8m§g&x . _ \ 3T V
qnlﬁ . ki = e IMHﬂ![AYM !
. - o7 .
T : ' xcoskx is an odd and 3T .
=—|0+2|x"cosmxdx || . ) ©Z 1 1 1 1
8 ; x"cosnx is an even function = Nuﬂ+%+ww+mm‘+..:
_2 ﬁ xw.m:ﬂ nx" 1wwa sin nx d , o 2.~ Express “sin x” as cosine series when 0<x<z. ‘Ammussén.‘ 2013)
n n h n.. : . Sol. Let f(x)=sinx, xe(0,m)
_—4 X %l oof@% bﬁ oogxw dx Clearly f E is bounded, integrable and monotonic in (0, «)
ntn| - -
- Let \?&HWSZTMS cosnx+ Y b, sinnx
n=t n=l
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A-137

A-136 Fourier mmzmw ,
— e
;. xcos(n+1)x| cos(n+1)x aoom?loaa aoOm?Mr\\Ga or
== + | dx + - [ , 1,1, r 1l z=2
T n+l _c s n+l :Lv _c s ntl =35 57T
1] meos(n+1)n meos(n—1)m \ . -
nmm n+1 v n-1 s nd the Fourier series of \ARVHRN in Tﬁ i and deduce the following:
r ~1 n+l -1 -l . 1
T 1C|+w|v[ =(-1) LI
T n+l n—1 n+l n-1
o =2 2(-1)
=(-1 Sl W
(1) n~1 w1 :
In particular when n = 1 (April 2013, April 2010, April 2009) .
a, =1 ._.xmmsxoo?&anm x8inxcosxdx
s EL%p a kel o .
) Sol. Let \?vnub+Ma.,oom§+MFw::ﬁ
1% . * . 2 nel
=— |xsin2xdx .
; T . - By Euler’s Formulae
LI ¥4 . 17 .Iw T 2
_1 B _c0s2x l_, _ c0s2x i nonm._.\Axv&x!M_.x&x
] T 2 )0 2 : -x "
| -l 1 nw_w.xix : ﬁ x? is an even ?nn:oi
E =-—| —~.COSIN |=—— ' n :
T2 2 ¢
HT 1 S = v’ |M .H..., ..|Nﬁw.“mﬁw~
us \?VIMQQ+Q_ o0m>+ﬁ~m= cosnx . =73 N
1 cosx < (-1) L% LT dx
oo xsinx=—(2)- -2. c Now g =- | f(x)cosnxdx=— |x’cosnx
x NA ) 5 MmN.L 0snx .al_”. ( ﬁ.,m
=158 5 oo,mwxloo&k+00mbx+:. HWNNMOOmmx&« {- x’cosnx is an even function } bn =0 o
2 3 8 15 . dat= On= "
. Deduction o, [ sinnx ~cosmx) —sinm\ T Ao =
o on . =2 ) ) ) R o
CﬁHHIN: q.nr N - R e o
mnwlwﬁu+hlh+ _2 ﬁwﬁm:::d +Nanonwiﬂtwmwwsﬁlﬂolélov
2 T 15 35 T n "
1V 4= «
E I N 22| HE) =0 and osmn=(-1 )
335 57 S "
Dividing both sides by 2 ) ;o
MHM+$_I[P+|H:+... . . g andb -1 _.\?.vm; nxdx =— T.“ sin nxdx
4 2 13 35 57 7 T T .
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: ™ ; 0<x<1
6.~ Obtain the Fourier Series for f(x)= a(2-x) ; 1< <2 (September 201
Sol. Here, /=
Let f{x +Ma 8§§+Mv sinnmx

n=} n=]
ay = w“\ &rl.?gv‘r%ﬂw x}dx

2P

;
E
N~

H

t\)l--

2
.? cos nmxdx
0

1

0 T

~

= ?&. COS nTtxdx + ?x cos nitxdx
0. 0

H -
=2 TQ cosnmdx
0

sin nx cosnmx
=2{ 1x. -7 — 5
nr ﬁ n 0
cosnt 1
=2 T T
T on'Tm
2 2 n
==~ (cosnm—1)=—={(-1) -1}
n' nr

2
= Tc.oa n1xdx + .TA.N - x)cosnxdx

In the second integral
H..w_ﬁwixuﬂuv dx = ~dt
Xx=2=>t=0
x=]lt=]

. o

.?AN — x)cosnidyx
1

0
_. Jeos( N:n nmit ) (~dt)
1

H .
= i.N COS nTUdt = Tt | x cos nixdx
; HE

1

S0

der Sef!l ies

@
- A-141

4 .
—— nisodd
=41 T

0, niseven

(By the above substitution)

2
._.iw — x)sin aroedx:

1

And b, = ._.\?..vmg nedx
0

1 2
= %S.mm: nmxdx + .?Awl.xvmms nedx
o i A = ﬂmmiwsalxavT&v

; s

1 1
= _.Bam: nrxdx — .Tg.mms nixdx =0

s 0 =— ?N sin nredt
. o
=0
= [roxsin nmux
0
o f(x) n.:av + lel?!&: |®8m§cﬂ
2 :no Suﬂn .
M|m ooﬁnx,_ cos3nx + cosSmx .
2 n| 1 32 5

fow that the Fourier series expansion of \A.«VHRIRN,ka?@ is
B

x—xt= i + M Alszt M;Pnofcm+ Aldzi mm::v«

2
3 n=1 i n

- © (April 2012)

Let \?vna«.xw =q, +Mn= 8m§+M®= sinnx (By def))
n=l " on=l

a uwﬂrxlxwv&xnwﬁ.ﬂ—.x&xlw q.ﬂ*.,xw&,x‘

’ LA

1| 2T 1 T ™ )|+ xis an odd and x?

is an even function
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Al44 — — — s
2sinmm( sinx - 2sin2x  3sin3x ey: cam
= - st snxdx =0 | cosmxcosmxdx=0 m#n.& :
T Pem? 22w ¥-m? . .ﬁ oo; S _. g
¢
: r+t
2 < A 5 i : 21 :
.oﬁ.\.?viw:SatMmEEa D —5rsing: mq sinmrcosnxdr =0 m#n
4
9 Define a Fourier series and the method to find Fourier coefficients. . c¥28 SRRy L cos 2nx Ari i
; . T T (September 25 ." f A»v cos §&x = aa‘ .'. SEap e dx+0 .ﬂ sin2nxdx =0
Sol. Euler’s Formula: , . : ¢ e : <
) >oooa_=m to mc_oa mo::aw mgzﬂ series for ?:osoz moo in the interval c< x Ao c+In : . a, sin 2nx c+2T
. X
is given 3\ b, f xvoogx B el
\ + Ma: 8m§+M“F sinmx 1) a2 v
n=l R v : .q f(x)cosnxdx = MANﬁv
w In m:&nm the coefficients ¢,,a,,b, we assume that series or RHS can cn ::omﬂmﬁa ter, :
by term in given 582& c<x Ao +2n : : 1 cem ; : |
To find a, B U I .ﬁ J (x)cosnxdx e e ‘
Integrate both sides of (1) w.r.t. x between limits ¢ to ¢ + 21 . - s ’
c+2m _a e+2m MY oo N[ o . . i i To find b, . . , L ; ST
, _. f{x o ._. dx+ _. M,.n cosnx jdx + A*. M@ sinnx [dx . Multiply botl sides of (1) by sin nx and integrate w.r.t. x between limits ¢ to ¢ + 2nt
| ¢ \a=l co\n=l . . - T e2m n+.w: : o+_~.n M :
2 : o S N | S (x)sin nxdx = sin mdx + a, cosnx [sin
u.mf x)7 4040 o o b % : Ce A o
. ) ) CHINL oo s :
s s , , - ; Coy .ﬂ M@ sinnx |sin :\&x
.q sinnxdc=0-n#0" and ‘— oofc&a 0 n#0 B o et
’ B : : E : a c+2n : n+~§ :
. : . _%,
nmfn{_,mal&umfwavnﬁmo o o - |MA8+ .m a, sinnxcos nxdx + _. b, sin *_c&»
2 21 R . < <
s . S . : crin b  sin2nmx I b ; :
-1 N } . : ] EEd. X S atuibiofy =Flc+2n—c
a, - .ﬁ\?v&a S . , b. £ (x)sin nxdx 2 | NM ; w
Te find a, : . ‘ c+2n Ces2m H nowmﬁ.,v&. :
Multiply both sides of (1) by cos nx and integrate w.r. t.x between lirnits ¢ toc+2n .~. f(x)sin 1de=0+0 *. b, .— u!.l.lm|||l
c+2m Sﬁ: CHAML oo g :
) Sf(x)cosnxdy = cos nxdx + a, cosnx {cosmxdx ) : c2m o Nes2m b sin2ne 12 5,
M ._. ﬁ.— =M~ , _. sin2nxdx =0 | - _. f{x)sind; HIW xi!.Mz'@ . .HINITL.MQ &,
2R oo , R . : . i pu . e L o S A "
+ ‘~. > b, sinnx cos rmxd , A ‘ c42m b
¢ \n=l . . .h \Akvmwd nxdx = M:Awﬁv
a c+In . 5+M§ 4
n%AoT .~. a, cos® nxdx + % b, sin nxcosnxdx
c (4
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A-148 ) Fourier Serigg

_ n . _ i .
b =— c)sinnx =— {{n—x) sinnxdx
0? () i I )

2f —cosnx —sin nx . cosnx
.A.qn Aﬂﬁ .N.v« n A VAqﬁ NvA v n +ANV Su R

—0+ 2cos2nm _ ~T* cos 0 0+ 2cos0
n n n n

M ~Tt* cOS 2nT

Substituting the values in E
1, = 1

2
= — - ”|.|+ —
S{x) A? x) ot ~COS X
1 : T cosSx cos2x  cos3x
A?xxv nm+ = + > + e Forreenn, .

Find Fourier series of \Akv =x on [~m,m].

&
1

Sol. Let \?vl.wé +Mm oo,fcl.M@ sinnx
nxl e

Because f(x)=x is an odd function therefore xcosnx will also be an odd function. As

(April 2011)

such @, and 4, wil] be both vanish and the Fourier series will be only a sine series

_2
n

(mcosnm)=~

ﬁ —~TLCOS HT sin :Ja
2
nT

A-149

mocamn mwawm
\ .

_ vxi

M Al sinnx

. sin2x sin3x sin4x
=X =2|sinx— + + o
2 3 4

_gv =x+x" on (—m,T), find Fourier Series expansion and deduce.
2 : . . .
1.1
z ”iull.hn-TIn!llM.T.:.:oo.
121 2 3 4
Sol. \?.vnx.g.m and xe [~7,7]

Let f(x) Hmw.k+ M_a.. 8@@1%@.; sinnx
p =

By Euler’s formulae

nc.nm..ﬁ\? u!._.».+x nl_.x&>+ T dx
oald ST _1fe?] 2z
z 3], = 3 3

=17 = T rcosni s ,
a,= ‘_.\A Voofﬁ a..mﬁ>00m\§+x cosnx |dx

B % "+ xcosnx is an odd and
- _. cosmxdx | |, i .
T 0 x“ Cosnx is an even function
2 sin nx sinnx :
=2 x% _ _.wx dx )
e n
T
-4 cosnx cosnx
=—] x| —— .-.u dx
|- n
4} TCOSHT I, . T
m—— :i+o+|ﬁ?:§3
: 10
% n n
4 4
=—5[rcosnx +0]=—(-1)"
nwn n

x

[ (x)sinnxax

(April 2011, April 2010)
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A-152

2

ﬁMT;&+w;&

0 v

T ¢ S
a =1 ._.\?VSEQ«QHMT. cosnxdx + |cos nxdx
s

3.4 0
. 0 . n
i sinnx | . | sinmnx
= - +

—n

n 6 ) x .
! in nx _ _ylmmn nxdx + .?: nxdx

q.nnu T 3 0
l._nlixioofcﬂ ’ L[ zoosnxY
il ﬁ no ., nJ
iw- cosnx Y’ [ cosnx -
1 AN noJ
_1f(1 oOm:w cosnm M
ni\n n
_1 leoomxz
wln o=z
ifniseven
N ’ ny
quTT; T PR
T — ifnisodd
™
\?TMWATT:\.?:&.
wet TR
2]12 . 2 .. -
=— lm_:x+lm5wx+mm5mx+|..1|4
i1 3 5 ;
4 sin3x  sinSx
=—!lsinx+ + o

T 3 5

[

%wm:mm ) ) L o . . A-153
: . .
Put annw.. in the above series
P PYRRL S S
b 3 57
n 1 1 1
el S sttt ST
4 3 5 7

At x=4#m, f(x) is discontinuous .

chomm@:.om mﬁwnw&ﬁ mm HTAalYT\Aln.TL

2
Ss(-n]=0

1 nd a series of sine and cosines of B::E_mm of x which represent - ik i
~\§ R Nw:::ﬁ "
Alﬁav. o o B Ammvmmn:cm. 2009)
Sol. Consider. f(x v T in (-mm) v
~f(x)=e |NO|+MQ Sw:\i.M@ sinnx
theh 4 \u.m. gw.m.ﬂx HHT,,. %ﬂ HF_H% |N:J
0 T, T I
_ 2sinhm.
>4 e | i oD
, 1 & ) ® - NW il
=1 (e cosnea = cos mx + nsi ; h
] e cosmxsnsinm) | - 2]

1 ) _ J

= lwlh% cosnm—e™" cos E&

4]
n(n’® +1) _
cosnni(e” —e™) B 2(=1)"sinhn
B n?fw_v - n(n’ +1)
=1 _.m». sinnxdy = — ¢ 5 ?55!:08;&
T | 1+n

1

= iﬁlsma cosnm+ ne™" cos EL
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. His a normal subgroup of G.
3. Prove that any finite cyclic mS:n 3 order n is _moEoGEn to quotient mgc

z _A n>, (September 2013, NS& .
Sol. Let G=<a>be of ordern .

Define /:Z -G, s,

S{m)y=a"

then fis cleariy well defined onto map.

Since f(m+k)=a"" =d".a* H.\ASV.\AS

1 is a homomorphism and therefore, by Fundamental theorem G = HA|N‘M

er

We show Kerf=N= <n>

Now me Kerf & f{m)=

a"=e

<> QAQ m

< nlm

eme<n>

Hence G= z .

<n>
4, w.,oem that Alternating group A, has no subgroup of o_dm.. six.
AmmEmemn 2013, 2012, 2010

Sol. Consider the alternating group 4, .

Q?vniwpuwn_w

We show althougli 6 | 12, A, has no subgroup of order 6. m:Euo% H is a subgroup of A,
and o(H) = 6.

Now the number of distinct 3-cycles in Sy is
14 4321
=8.
3 ? wv TS
Again, as each 3-cycle will be even permutation all these 3-cycles are in A,.
Obviously then, at least one 3-cycle, say G, does not belong to H (o(H) = 6).
Now cg H=>c'e H ,because if 6’ e H
then ¢*e H
=>oce H
As ¢ =1 as o(c)=3.

Sel.

B-5

LetK =<o>={1,6,6°} then o(K)=3

andHNK=[1}(06"¢H)
o(H)o(K) 63 .
K i|||l|.u||n:w“:oﬁ ossibleas HK € 4, and o(4,)=12.
2ol = ak) T 1 e o(4)

Prove that H # ¢ c G is a subgroup of Giff Va,be H =>ab™ e H.  (April 2013)
If H is a subgroup of G then, 2, b € H=> ab”'e H (by using definition).
Conversely, let the given condition hold in H.

Associativity holdsin Has H < G and G is a group.

Let a € H be any element (H #0)

thena,ae H=>aa'e Hee H

So H has identity.

Again, foranyae H,asee H

eate Hoa'e H

i.c., H has inverse of each element.

a,be H,

ab’e H

th@-_ v,_ e H=abe H

Finally, for any

i.e., H is closed under multiplication.
Hence H forms a group and 92&03 a subgroup of G.

If G = <a> is a cyclic group generated by ‘a’. Prove that o(G) = o{a).

(April 2013)
Let G=<a>ie., Gisacyclic group generated by a.
Case (i): o{a) is finite, say n, then n is the least +ve integers.t,, a" =e.
Consider the elements o’ =e,a,a’,
These are all elements of G and are n in number.
Suppose any two of the above elements are equal
say @' =a’ with i>j
then m...s.,.\ e a7 =e B T
But 0<i—j<n~-l<n,thus3a+ve integer i— j,s.t, a7 =eand i—j<n whichisa
contradiction to the fact that o(a) = n.
Thus no two of the above 1 elements can be equal i.c., G contains at least n elements.
We show it does not contain any other element. Let x € G be any element. Since G is
cyclic, generated by a,x will be some power of a.
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Sol.

Seol.

ae=a=eaVaeS. .
(iii) Given ae §, Ja™ e S such that aa™ =e=a"a.
Hence S is a group.

This proves the theorem.

IfHisa mccmZEc. of G of index 2 in G. Then H is a normal subgroup of G.
agex 2 1n
(September 2012, April 201¢)
Let H be a subgroup of G, with index 2 then number of distinct right (left) cosets of I in
G is 2 and also then G is union of these two right (left) cosets. ,
Let ge G be arbitrary. .

Case (i): ge H , then Hg = gH (= H)

Hence H is normal.

Case (ii): g¢ H then gH # H,Hg# H.

Thus Hg and H = He are the two distinct right cosets of H in G and
G=HguH .

Similarly, G=gH UH

= HguH=gHUH

= Hg=gH (as HonH=gHNH=¢)

= Hisnormal in G.

Let G be a set with binary operation which is associative. Assume that for all
elements a and b in G, the equations ax = b and ya = b have unique solution in G.
Then prove that G is a group. (April 2012)

To show G is a group, we need to prove existence of identity and inverse for each
element. .

Let ae G be any element.
Given, the equations ax =«
ya=a
have solutions in G.
Let x=¢ and y =/ be the solutions.
Thus Je, feG,st,ae=a
Ja=a
Let now .@m G be E.&\ element then again 3 some x, yin G s.t.,
ax=0 ,
ya=>b
Now ax=b= f(ax)=fb

Sol.

B-9

=(fa)x=[fb
Dax=fb
=>b=fb
Again ya=b=(ya)e=be
= y.(ae)=be
= y.a=be
= b=be
thus we have b= fb ‘ 8]
mm& b=be . (ii)
for any be G .
Puttingb=ecin (i) and b= f in (i) we get
e=fe
and f=fe
—e=f.
Hence ae=a=fa=ea

ie,dee G,st, ae=ea=ua
= ¢ is identity.
Again, for any ae G, and (the identity) ee G, the equations-ax=e¢ and ya=e have
solutions.
Let the solutions be x=¢a,, and y=a,

Then aa, =e, q,a=¢

/ —— —
Now a, =ca =(a,a)a =a,(ag)=aec=a,.
Hence aa, =e=aa forany ae G

ie., for any ae G,3 some g € G satisfying the above relations = a has an inverse.
s b}
Thus each element has inverse and, by definition, G forms a group.

Let G be a group and H and K subgroups of finite indices in G. Show that H K is
also of finite index. If (G : H) = m and (G : K) = n with {m, n) =1, show that
(G:HNK)=mn. (April 2012)
First we will show that if G is finite group H,K subgroups of G such that K cH

Then [G:K]=[G:H][H : K]

Let [G:H]=m [H:K]=n -

= G =|J aH a disjoint union of m cosets

H = b K adisjoint union of n cosets

i
|
§
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Let G ={1,-1} be the greup under multiplication.
Define amap @: 8, =G, st

1 if f is even permutation .

~1 iffisodd nmnsﬁmmo:

then ¢is an onto Emﬁ@%m as S (n2 vasﬂ contain even as well as odd vmsscﬁm:o:w
(Identity vwzsﬁm:o: and (12) willbe in S v

Toshowthat @isa :oEoSoEEmE

Let \, g€ S, be any members:

Case (i): Both f, g are m<w=v then fog is even

¢(fog)=1=11=0(f)e(s)

Case (ii): Both f, g are odd; then fog is even

o(fog)=1=(~1)(-1)=0(f)o(g)

Case (iii): One of f, g is odd, other even.

Suppose fis vdd and g is even, then fog is odd

o(fog)=-1=(-1)(1)=0(/)o(2)

hence @ is an onto homomorphism and thus by Fundamental theorem of :oEoEo»nrﬁE
S, .

Ker ¢

Since fe Kergo o(f)=! _

G=

e fisevene fe 4,
We have Ker @=4;
S,
4,

n

orthat G=

But o(G)=2=0 M: =2

n

SUCTRY

Thus index of 4, in' S, is

‘Groups

B-13

| Groves

16.

Sol.

For any subgroup H of a finite group Dv prove 25” o(G)=o(H) [G:H].

(September 2011)
Let o(G)=n.
Since corresponding to each elemen: in G, we can define a right coset of H-in G, the
number of distinct right cosets of H in G is:less than or equal to n. .
Using the properties of equivalence classes we knaw

.Qumn WHa, 0. UHa,

where t = no. of distinct right cosets of H in G.

=0(G)= Q.Ev.reﬁmmv +o?¢av

(reminding ourselves that-two :mr, Smﬂm are either equal ‘or ‘have no. QQSQ; in: -
‘common).

=0(G)=0(H)+o(H)+...+ o H)

=0(G)=to(H)"
ot that o(H)|o(G)
Let G be a group and H, a subgroup cf G. Then index of H in G is the number of distinct
right (left) cosets of H in G. It is dencted by i, Amv or [G:H]. . . ,

: . , o(G).
If G is a finite group, then i, (H)=[G:H]= o(G)
- . , : pae e QAmv
= 0(6)=o(H)[G:H] o
Prove that if H and K are finite w:wm;:cw of a group G then ,QAQNC HE
o(HNK)

AmmEmScmw 2011, September 2009)
Let D=HNK and Disa é@mSSU of K and as in the proof of hm@m:mo s theorem, 3
a decomposition of K into disjoint right cosets of D in K and

K =Dk Dk, u....uDk

andalso =

Again, \.\NA me = Hk, CE:C U HE,

Now no two of mﬁvg(‘z ...... JHE canbe m@z& as if Hk, = Hk, for i, Jj
Then ki€ H = ki € HAK = k" e D= Dk = Dk,
which is not true..

Hence o(HK )= o{Hk, )+ (HE, )+

+o(Hk )
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20.

Sol.

Hence H K issubgroup of G.

(ii) H is normal in G

and HK issubgroup of G

Also HNKCK

Therefore H (VK is a subgroup of K

Next to show H K is normal subgroup of K
Letxe Kandae HNK

ae HNK=ae Handae K

Since H is normal subgroup of G therefore xax™ € H
Also K is subgroup of G > x € K, ae K,

= xax'eK

Hence xax™'e HNK

>xeKae HNK = xax' e HNK

Thus H 1K isnormal subgroup of K.

Let G be a group of order 2n, where n is odd. Show that G has a nermal sub
of order n.

(April 2011)
G possesses at least one Qeswa of order 2

. Otherwise we can partition G into union of
disjoint pairs ? m;@ ? b T ...... etc. and a singleton {¢} , where e is the identity of G.

This will in turn imply that number of elements in G is odd! So, let a € G be of order 2
Consider now 7, where 7, (x)=ax forall xe G.
)=L[L.(x)]=

each T, -orbit of G consists of two elements and number of distinct orbit of T = 2n

T

2

T, is a permutation on the set G. m_:no ﬂ Asqvnmwxnmxn\ﬁ

As each orbit corresponds to a cycle, 7, hasn cycles each of length 2.

Let  G,,0,,um.. ,0, be all the n 2-cycles (ie. transpositions) of T .So

T,=06,,04,0,. Asnis odd, 7, is an odd permutation in A(G).

Let K={T |ge G}, K is a subgroup of A{G) and G=K under the mapping
f(g)=T,. As T,e K, K contains an odd permutation. |
So we get that K contains a normal subgroup N of index 2.

Thus G contains a H=f"(N) of

normal  subgroup index 2. But

=n. Hence G has a normal subgroup of order n.

group

.

22,

_,mo_.

23.

Sol.

B-17

w that the equation x’ax nmn_ is solvable for x in a group if and only if a is the

sho ’ (September 2010)

cube of some 2252; in G,

Suppose x*ax=a"" is solvable in G.

-1
Then %So exists an element ce G such that c’ac=a

ceac=a" =c(ca)ca=a"'a

Un?axgvnm
= (ca)(ca)=c¢”

= (ca)(ca)e=cc
={ca)(ca)e=
a)(ca)ea

=(c

= A&% =q

a=eda

= a is cube of some element cac G N |
-2 . . - -
Conversely, Let a=b" for some be Gthen x= b7 issolution of x‘ax=a

If x=b@ and a=

1 i
then NNQH = vL«\uw@lw = @L = A@uv = !

~1

. ) N
Hence x=»h" issolution of x'ax=a

d is cyclic if and only if it has an element of order n.
Prove that a group of order : y e tomber 2010)

Suppose G is a finite group of order n.

Let ae G and let n be the order of a.

If H is the cyclic subgroup of G generated by a ie,if H= T‘ ‘re J“ then the order of
H is n because the order of the generator a of Hisn.

ﬂ”cw H is a cyclic subgroup of G and the order of H is equal to the order of G. Hence H
= G and therefore G itself is a cyclic group and a is a generator of G.

Define index of a subgroup. If H ¢ K are two subgroups of a finite group G, then
show that [G: H] =[G K] [K: H]L (September 2010)
If H is subgroup of a finite group G then index of H in G = the number of distinct right

(or left) cosets of Hin G

o(G)

o(H)

Since H K be two subgroups of a group G therefore H is also a subgroup of K
Also H is subgroup of finite group G.

[G:H]=
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27.

Sol.

28.
Sol.

29.

Sol.

= G is abelian group under multiplication
Order of this group is infinite because there are infinite non-zero reals. Hence theye a
infinite elements in group G.

= o(G) = Infinite

Let G be a finite group and let ae G be an element of order n. Then prove thy

ce G iff nis a divisor of m. (September Noocv

n

Let o(a)=n, they by definition n is the least +ve integer s.t.,, a" =e.

Suppose a” =e for some m. .
By division algorithm, m=ng +r, where 0<r<n

mo . ngr

a =d

r r

+ 4 \N [
=e=a"u ,HAmxv a =e'a =a

where 0<r<n
Since nis the such least +ve integer, we must have » =0
ie, m=ng orthat nim.

Prove that an infinite cyclic group has precisely two generators. {September 2009)
Let G = <a> be an infinite cyclic group.
:qmmmmwosﬂmﬁoﬂom@%ozmoéoc_avoa-_.

Let now b be any generator of G,
then as be G and a generates G, we get b=a" for some integer n
again as ae G and b generates G, we get a =5" for some integer m
= a=b"=(0') =a”
= ™" =e=0(a) is finite and < nm -1 ,
Since 0(G)=0(a) is infinite, the above can hold only if
mm—=1=0=nm=1

1

= m=— or n==%l asm, nare integers.
n

ie, b=a or a”

In other words, « and a™ are precisely the gencrators of G.

Define order of an element of a group G.
Let a,h€ G be non-identity elements witho(a)=5 and aba™ =5’, findo(5)

Definition: Let G be a group and a<G. If n is the least +ve integer such that o" =¢
then n is said to be the order of the element a and write o(a)=n.

5roups

-

We have b’ =aba”™

= b*=(aba™)(aba™)

=ab(a™a)ba™ = abba™ =aba”
=a(aba™)a™ = a’ba”

= b* =(a’ba )(a’ba)
=a’b(a?a’\ba =a*bba” = ’b’a”
=a*(aba™)a” = a’ba”

= b =(a’ba”)(a'ba™)
=a’b(a”a\ba” =’bba” =a*ba”
=a*(aba )™ = a*ba™

= b =(a‘ba™){a*ba™)

=a'b(a™a* ba™ =a*bba = a'b’a |

=q* ?g-_ VQL =a’ba’

=bh A a=a> umv
= b*=b

= bPl=e

= o(b)=31

Let G and G’ be two groups. If f:G — G’ is homomorphism, show that the
Kernel of fis a normal subgroup of G. {April 2009)
Since f{e)=¢',ee Kerf,thus Ker f #¢ Again,

x,yeKerf = f(x)=¢

1=+
Now fo™)=f () (y") = (S =€ =
=" Kerf

Hence it is a subgroup of G.
Again, forany ge G,xe Kerf
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B-25
B-24 ngé T
R ——
no=<®~‘wm— MQM Iml .,Uﬂ a mW~Q M\.@ﬁ o=U <~ + ol [ g:a\: .UO any: ﬁw@ﬂﬂ@ﬂwﬂ O%, G/\ STOH@ m? 2T U, el NEQ Vigeeeee <= ev
: v M . Now v,€ ¥ =>v, € R and U isan ideal

Let I be any ideal of R ,. ~MclIcR sveRueU=uvel

fhendsome acly ot ae M : mm:.g:wzw weU=>u € R and V is anideal

Now ag¢ M = a+M #M = a+M is a non zero element of wwu which being a mﬂa/ LuERveV2uve |14

e . . , uny

means a+ M has multiplicative inverse. Let b+ M be its inverse. Then =uy,el,uv € N\.Hv uveUNy.

(a+M)(b+M)=1=M Similarly #v...eeeeeth,V, € uny.

= b+ M =14 M Since UV is anideal of R

= ab-le M , UV 5 Uy Yy s :..<..mQDN I .

= ab-1=m forsome me M DUy, UV, et u, €UV = aeUN

= 1=ab-me I (using def. of ideal) 1 Thus ae UV = aeUNV

= I'=R (ideal containing urity, equals the ring) L Hence UV cUNV

Hence M is Emﬁﬁm_ ideal o7 R.
“ ; K X ; int d in.
V o 3. If Risan Integral domain, then E..io that .z_...x_ is also-an .,:Rm_\mu ama

2. IfU,V areideals of R and UV be the set of all elements that can be written as finite : (September 2013, September 2012)
sum of elements of the form uv where ne U, veV.Prove that UV is an ideal of R
Sol. w:ugmm R is an integral domain.
and UVcUN V. (September 2013, September 2012)

s ofa ¢ be any two non zero members ow R[x] st,
Sol. " Uand V are ideals of 2 ring R Let \?Y A v y |

Let UV ={uy, +uy, + tuy, u . €UV, v,y eV} 7(x)g(x)=0 |

: Let f(x)=a,+ax+..+a,x" y

and g(x)=b, +bx+..+bx"

Now both f{x) and w?v cannot be constant polynomials as then a, 20, b, 20 (s0

Let ov=uv, v, +

t 2
B=uv +u =

o ..< " be any two elements of UV

a=-B=uy, +uy, +..+z=c=..:< —u v, +u'v’ L
+ + .L ~v ! A \v ro A AW o mannawcﬂo;
=uy, +uy, +o. TV - Vv b e Ly :
1 T n'y 4 IV 24" | v@: ,\Akvmﬁxvﬂo ”
, , o . c lynomial; its degree is 2
= o~ is an element of UV because U and V are ideals and u el UAIQ_ vm Uand Since at least one of f (x)g(x) is non constant poly: &
s on : : " R being an integral domain
’ ) : : . . = ggl{x)>
Let re R and ae UK then v o ammfs?vm?vvxmom\?v+%wm6 )
roL= \.?} Fooeen, +auy )={ru v< SR T Which is a contradiction as it implies then ¢, # 0 for some & >0
= rtis an element of UV w&gcma Uisanideal and re R, uje C = ruje U and 5o on. Whereas \?vm?v =0.
Also ar =(uy, +.......... J,F.SY =u, (VF)F o, +u, (vr) . Hence f(x)g(x)=0= f(x)=0 or g(x)=0

= 0r is an element of UV because V is an ideal and 7e R,veV=vreV andsoon
= UV is an idzal of R.
Now to show UV cUNY

= R[x] is an integral domain.
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Rings

Since x—y=(a,+b)~(a,+b,)
=(a,—-a,)+(b -0,)

We find x—ye I, +/,

Let x=a+b= [ +1,, r€ R be any element then
xr=(a+byr=ar+brel +I, as I, and I, are ideals
also rx=r(a+b)=ra+rbel +I,

Thus 7, +7, is an ideal of R

Again forany ae /,, since

a=a+0e/ +/, and

forany be l,

b=0+bel +1,

Wefind 7, </, +1,

and [, c/ +1,

A commutative ring R with unity is simple if and only if R is a field.

(September 2012)
R is commutative simple ring with unity.

To show R is field we need to show < R—{0},.> is a group

Let x(#0)e R

Consider xR ={xr|re R}

Clearly x=x.1€ xR so xR is non-empty.

Further xy - xz=x(y—z)e xR and

forany se R, (xr)s=x(rs)e xR

= xR isaright ideal of R

Since (x#0)e xR, xR=R

As le R, there exists ye R such that xy = 1. Thus < R—{0},.> is semi group with
unity in which every clement is right invertible. Hence <R-{0},.> is a group.
Consequently R is division ring.

= Commutative division ring R is field.

Conversely,

Let R be a field.

= R is conmmutative division ring
= R has unity

Sol.

- B-29-

We will show division ring is simple ring.
Let A be any ideal of R s.t. A # {0}
then J atleastoneacAst. a0
R being a divisionring, a™ € R
and aa™ =1
Since ae 4, «' e R, aa” e 4
=>le 4
Also A ¢ R we need to show R C A
Let r€ R be any clement
Since 1€ 4 and A is an ideal
r=lre 4
=>RcA >R=A
i.e. only ideals that R can have are R and {0}
= R is commutative simple ring with unity.
Show that for every prime p, the ring |NM with the usual modulo operations, is a
P
field. . (April 2012)
Let p be prime
VA

To mros\'Nlnﬂovrm, ........ ,p—1} isa field

p

We need to mmoélm.N: is an integral domain
p
- finite integral domain will be a field.

Z
Let a®b=0 a,be —
pZ
= ab is multiple of p
= plab
= pla or pjb (p being prime)

z
=>a=0orb=0 (rabe — anda, b<p)
pZ
z . . .
= — is an integral domain
pZ
Z .
But — is finite integral domain
pZ
= Zz is field.

pZ
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14,

Sol.

x—ye R and xpe R" where x,ye R
-Let x= An 0.0 v and %HAFOVO. ........... v
Now x—-y={a,0,0,
=(a=b,0,0,...)e R’
Also xy =(a, .
= (b, 0,0,

Hence R is a subring of T.
Let f:R— R’ be defined by

fla)=(a,0,0,....... ) Vae R
Thus forall a,be R
fla+b)={a+b,0,0,..... J=(a,0,0,......) +(5,0,0,
=f{a)+ [(b)

7(ab)=(ab,0,0,..... ) =(2,0,0,......)(5,0,0,

=/{a) f{b)

Also fis1—1

Since f(a)= f(b)
=(a.0,0,......) =(5,0,0,.......)
=a=b

Hence R= R’

If R has unity 1 then
J(1)=(100,

all {a,,a,,q,

....... )e R T and for

.......... Xa,,a,,a,,

} is unity of T.

Let R be a ring with unity such that .A‘.,v.%
commutative.

HLQ X, ¥, € R be any elements

Theny+le RasleR

By given condition.

(x(y+1)) =2 (y+1)

=xy* for all x,ye R. Prove that R is

- (April 2011)

Sol.

1.

Sol.

-only if either AcBor BC A.

B-33

2 (y+1)(y+1)
=y’ +1+2y)

=Xy +x +2x7y

= A\Qv + X7 4 xyx + xxy

= x*y" +x7Hax+xy
¢))

Thus replacing x by x + 1, we

= x=x"y

gince (1) holds for all x, y in R, it holds for x + 1, y also.
get

Ax+5ia+&n?+:~%

= (y+y){x+l)= Tn +~+NL

= .ﬁ,\x.+.ﬁ<+§+wn\«€+%+wéh
xy using (1)

Hence R is commutative.

= =

Let A and B be any two ideals of a lsm.w. Prove that A U B is an ideal of R if and
(April 2011)
If 4c B then AUB=B isanideal of R,

Also Bc A then AUUB=4 isanideal of R.

Conversely, Let AU B be an ideal of R. Suppose neither 4 g B nor B¢ A

then there exists elements x € A—Bandye B-A ;

Nowxe Aandye B
=x,y,€ AUB

Also AU B is an ideal
ifx—ye A then y=x—-(x-y)€e A
which contradicts y ¢ A

which impliesx ~y€ AUB soeitherx—ye Aorx—-ye B

Similarly if x—~ye B then x=(x—~y)+ye B
which contradicts x¢ B

Hence our supposition is wrong
s.either A B or Bc 4

Let F be a field. Let f,ge F[x],g#0. Prove that there exist unique polynomials
h, re F T_ such that f = hg +r where either r =0 or degree r < degree g.

(April 2011)
Suppose

f(x)= a, #0

2
ay+ax+ax+..+a,x
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¥ 18, IF Nis anideal of R then prove that nwo_.o is 1 — 1 correspondence between. ideal , : : R
0 nv\?,,nz = zero of —
R containing N and ideals of R/ N. (September 21, 0 / N
Sol. Let f:R— R/N be the natural :oEoBoGEmE defined by f(r)=r# N. Now, it 0+ Ne X [as ideal ooim_sm qu&
be any ideal of R then as j:R—> R/ N ‘is onto homomorphism, f(4) is an ideal op o f(n)e X=>ne d
R/IN. : . ‘ , o:gﬁ Nc4.
Again, f(4 A.\ )| ae \T . - Thus A is a niember of K,
: Definition of A then confirms ﬁrm» it is'the required pre~-image. Eo:ow ¢ is onto.
={a+ _z._am 4}
A : : : , . - 19. If R is a commutative ring, then m:.cé that Rfx] is ncSEi»:é. ﬁ:..z.m_‘ prove
HMM. . i o L that if R has no proper zero n::mc_.m then R[x] s_me has no proper zero divisors.
: ) L. . C (September 2010)
Let know K be the set of all ideals of R, which contain Nand K’ be the set of all ideals gol. (i) If R[x] is commutative then any subring of R[x] is commutative and &s R is
of |~w. , : : o : : . isemprphic to a subring of R[x]; R will be commutative. ,
N : . o . A Conversely, if R is commutative -
Define :K K st . v : , and f(x)=a, +ax+a,x’ +..+a,x"
o?&u.\mbum , S . , mmb,n@o;ag% +otbx’
. be two members of Rx], then by definition of product
@ is clzarly well-defined. ¢ oD [x] yee note
. Fx)g(x)=ab, +(ab, +ab )x+...
Again ¢(4)=¢(B)
=bya, +(ba, +bya )X +..
= f(4)=/(B)
. B ‘ | =g(x)f(x)-
= S= ; . For second part, it is given R has no proper zero divisors which means s R is integral
N N ; s
: : demain so we will show that if R is integral domain ther: R[x] is 58@& aoEmE
If ae A teany element ther: a+ Ne .m.nv a+Ne ..wl - Suppose R is an integral domain.
“ N N . . Let f(x),g(x) beany two non zero members of R[x] s.t.,
=>a+N=b+N forsome te B , ; . _ f(x)g(x)=0 . e
=>a-— . , : :
“ @m.znw . where f(x)=a,+ax+..+a,x" o
= a-b=b" forsome b'e B ™ ,
mumﬁgw.ﬂvnu@+vmw : g{x)=b,+bx+..+bx" v
16, AC B. ” o Now both /(x) and g(x) cannot be constant polynomials as then ‘a, #0, b, #0 (so
Similarly, Bg 4 andthus A=B ,
Showing that ¢ is one-one. €y =ayb, #0)
L C . ; S f(x)g(x)=0
To show that @ is onto, let X € K" be any member then X is an ideal of R , fx)g(x) : ,
‘ , : N : Since at least one of f(x),g(x) is non constant polynomial, its degree is 2 1.

Defire A nTm R ~ S(x)ex M . R being an integral domain ,

We show A is the required pre-image of X under ¢. ‘ P ; ) = () >
It is ezsy to check that A is an ideal of R. , , e ammﬁ.\.?v%?vu - amm\?& * ammmﬁ,xv 2l ‘ :
Again, ne N=Kerf o . . which is a contradiction as it implies then ¢, #0 for some k>0

whereas \?Vw (x)=0
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VECTOR SPACES

L. Let W, and W, be two subspaces of ¥, , then the sum

W +w, ..u?\_ +w, |w el ,me W,} is a subspace of V containing W, U w,.
(September 2013, September 2012)

Sol. Let x,,y, e, and x,,y, e W, so that
xtx, e W+, and y, +y, e W, + 1,
Now for o,Be F and x,,y,e W,
= ox, +By e W, [-- Wyis is subspace of V(F)]

Also for o,Be F and x,,y,e W .

= ox, + By, e W, [~ Wy is is subspace of V(F)]

Since (oux, + By, )e w, and (ax, +By,)e w,

S (o + By )+ (o, + By, e w, + i,

Now for o,fe F

ofx, +x,)+B(p +y, )= ax, + ax, + By, + By,

= AQH_ + muu_ v+ AQ.x.u + uuww vm Vm\_ + %N

Hence #, + W, is a subspace of V(F)

Now to prove that jy, + w, = {ruw,}

Let x, e W, =x,+0e W +W, [voew,]
DxeW +W,

WcW +W, 1
Also x,e I, =20+x,e W, +W, [-0ew]

=>xneW +W,
LW, W+, @
From (1) and (2),

Vector Spaces
—

m.
B-41

WUW,cW +W, ..

Since { W, U, } is the smaliest subspace

AW Uw W+ ﬁ, 3
Now - x,e W,x,e W,

Sox,x, e WUW,

= x,+x, lie in subspace {w, Uw,}

le.w +w,c{w,Uw,} . @
- From (3) and (4), we have

w,+w, ={w,Uw,}

Hence the proof.

Nﬁ\ﬂwn:m the set ﬁlru.mx to two different basis of R’ f& (September 2013)
Sol. Let wnﬁ?o,ovko,rovA.ouovav ={e,e,,¢,} be a basis of R A%V .
Given set ?L,Nvmx L.I. over R, being non-zero vector

. the vector v,e,,e,,e, span R* where <HAIHVN&

Since dim R* =3, so any basis of R? contains exactly three L.1. vectors
To find these vectors,

-1 25
Let 4= 1 oo Operate R, - R, +R,
0 1 0 : )
0 01
-1 2 3]
0 2 5
1o 1o Operate R, — 2R,
| 0 0 1]
-1 2 ,L
0 2 5
~ 0 20 Operate R, — R, — R,
10 0 1]
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5.

,:5: »IMQ.« where mwmﬁ m:maum% 1<i<n

i=)
Since S is a subspace of V(F)
. Sis closed w.r.t. vector addition and scalar multiplication.
o xeS
Thus xe L(S) = xe§
L LSS
Also S ¢ L(S)
S LS)=S
Conversely. Let L(S) = S
To prove that S is a subspace of V(F).
We know that L(S) is a subspace of V(F)
Letx, ye L(S)
Then x=0,x, + 0,x, +....+ O, X,
And y =By, +B,y, ..t B3
Where o, € F,x,e S for 1<i<n
And B,e F.y,es for1<j<m
First, to show that L{S) is a subspace of V(F)
Let o,fe F and x, y € L(S) .
Now ox + By = ot (0,2, + 0y + ot 0, x, Y+ BB, v +Boy. +. 4B,y )
= ox+ By = (oo )x, + (00, )rpt (@0, )2, + (BB )1+ (BB ) 2+ + (BB, ) ¥,
Thus ox+Py has been expressed as the linear combination of a finite set
..:L.ik 2 Voo ...y, of the elements of S.
Sooax+Bye L(S)

X3 Xy

Thus forx, y € L (S) and o,Be F, we have,

ax+Pye L{S)

Hence L(S) is a subspace of V(F).

. S is subspace of V [~ L(S)=5]
Hence the proof.

- Sisasubspace of V
Hence the proof.

[ L(S)=8]

Show that 3 a basis for each finite dimensional vector space.
(April Nc: September 2009, April 2009)

Sol. Let V(F) be a finite dimensional vector space.

w.Jafinite subset S= {y v,,....... ,v,} of V such that

r Spaces

B-45

LS)y=Vv
without any loss of generality we may assume that all the vectors in § are non-zero.

Now since SV, s0 either SisL.L or L.D.
1fS is L.I, then S will be a basis of V(F)
. the theorem is proved. [+ L(8)=V]
If S is LD, then some vector v,€ S, 2sk<n, can be expressed as the linear

combination of its preceding vectors
. -
e, v, =0V, F 0LV, et O Ve for o, s€

Consider the set

S, = {V Ve Vs Vemsoenerees¥, ) OF (m—1) vectors.

Clearly S, S
= L(§,) c L(S)
>LES)cV
Since L(S) =V
~velV

[ L=Vl O

7
= v=Py +P,y, te B Vs BV +BiaVew T +Byv, Bse

= v=Bv, +B,v, T Py By (o oy +
O, Ve )t BV T +6,v. = (B, +B,2, ) +(B, + B0, )v, e + (B + B Ve
B Vi T +8.v,

= v is lincar combination of elements of S,

=>ve L(S,)

Now veV =ve LLS,)

Thus V < L{S;) ) )

From (1) and (2)

Ly =V v

IfS,is L.I then S, is a basis of set V and theorem is proved.

If S, is L.D. then some vector v, e §,,i >k, can be expressed as the linear combination
of its preceding vectors i.¢

<- = J\_.v\_ IT \KNJ\J l_l ..... + )\»(“4—\»(" + )\»‘.LJ\»L + ..... ..T \<.,L<..L

Consider aset 5, = {v,,v,,...ccoonnn. TS TOR R
As we have proved above that L(S;) = V, on similar lines we can show that L(S;) = V.
If S, is L.I. then S, is a basis of V and the theorem is proved

If S, is L.D. then we repeat the above procedure till we get a set which is L.I. and which
span V, thus giving a basis of V. At the most by repeating the procedure we can get a

b
i
i
i
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B-48

B-4Y
e U=y, + 0y, ot @y, B B, +B,w, for scalars o,'s and B (o)) F (Bg)(x)
: . , 5 ‘ Bg)(x)
=v+w{say) ; =(f
w,
» Q\ + @Nm
Where v = MQ. T MPS\, _, W, is & subspace of V.

SovelF and we W,

(iiy Given s ={f|feV andf(-x)=—7(x)} , |
Clearly f(x)=x"+xe W, [ S (=) ==/ (x)]

- Wa is non-empty set
,Zoé et Q,@mx and f,geW,
‘o fi-x Vllﬂcv and gi= kvllcﬁkv mowam xe R
| , o (o +BE) ()
— MQE.;,M:UAImL«&.no . : nAQ\vAIHV+AmmvTxv

<. each element of V- can be expressed zs the sum of a
0% <<~

Thus V=W, +W,
Further, let v and w be equal so that

..
M oy, = M_ Bw,
= %

n element of W, and ap ,m_oEo..
. nt

: . . a.f{-x)+8. g (=x)
=0 ¥i and B =0 ¥ [- BaisL.1] o

M . (/) B2 ()
= D oy, =0and ). Bw =0

1

=—{o.f (x)+Bg(x)
=>v=0,w=0 : =-{af +Bg)(x)
= NO NON-ZEro vector is common to both W, and W, . o _ S of ~Pee?,
2. EY_ D «\ﬁ.«m = %OHV , ] o - , = gw .—m a mSUWUNOO OW <.
Hence V =w, @ w, : . o . (iiiy To show that V.= W; + W,,
Let feV
$. .Let V(R) be a vector space of all functions from R to R. Show that IV = w.ew,: Then, we can write f as
where: Ammugacm.‘ 2011) \., N _ M o M xe R
W, = Set of all even functions . , . \C&HMQ ()71 xvv+ NQ (=71 xvv _
s = Set of all unctions, . i 1, . .
W, = Set of all odd Ezn:osm — Fix)+G(x), where F(x)= N?A )+ f(=x)) G(x)= MA\T&!.\ (-x))
Sol. (i) Given W, ={f| fe ¥ and f(-x) = f{x)}
Check that 7 (-x)= F (x)
Cearly j(x)=x'+x2ew, _H\Alxv n\?vu_ and G (~x)=-G(x)
. W) isnon-empty set ‘ ‘ .,n?vm W, and G (x)e W,
Nowlet o,fe R and f,ge 1, . : : , Henze f=F+G whereFe WiandGe W,
= f(~xi=s(x) and g(-x)=g(x) foralxe R , : W W
. i S V= e 2.0
(af +3g)(-x) B : (ivyLet feW, N\W,= feW, andfeW,
= (/) {-x)+ (Bg)(~x) B ; = s{-x)=f(x) and f(-x)=-1(x)
=/ (=) e s () = Fm-rG) = ()=
=o.f(x)+B.g(x) ; Fx)=-/0 2.
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B-52

(1,0,0)and (0,0, 1)

The vectors (1, 0, 0) and (0, 0, 1) are L.I. over R since none of <883 is
of the other

= (1,0,0)and (0, 0, 1) is a basis of W,

Thus non Zero rows of an echelon form of matrix P forms a basis of the row space of P o
; e., of subspace W, + W,

scalar ny,y..
Mulgy . B A (1,0,0),(0,4,3),(0,0 5 is a basis of W, + W,

i ddim (W +Wy)=3
and dim W, =2, \ an . . A
(iii) To find a basis and dimension of W, + W. \ (iv) We know dim (w, N w,) = dim W, + dim W, — dim (W, + I, )
We know that W, + W, is the space generated by all the vectors of W, and W, . =2+2-3=1
.e., the space spanned by the four basis vectors of W, and W, Hence the result.
Consider a matrix P whose rows are the four basis vectors and reduce it to ech
N Chelon forg, ;. Let hNT:&:z::kL be a basis for a vector space V. over R. Prove that every
e P= 0 4 3 0 : vector in V can be written as a linear combination of :._m vectors in S in one and
e T 1 0 0 ‘ perate £, <= R, ) only one way. Is the converse of this statement true? Justify your answer. .
00 1 v e . (April 2011, April 2010)
10 j gol. Given S={v,v;,........v,} bea Dbasis of V(F).
0 43 L S)=V , o ;
- 1 2 1 Operate BRoR+R = any vector v € V can be expressed as a ::mmn combination of elements of S
¢ 0 ie. v=ouy + o,y +. +Q=<=,Q mm:ﬁA: '6))
(1 0 0] Uniqueness: |
0 43 1 Let, if possible, v=Bv, +m~<~ ..... +B,v, )
“lo o2 Operate & — R lm\w for scalars Bse F
10 0 1 . From (1) and (2),
Mo o . , OV, + 0V +a,v, =By, +B,v, +. By, .
04 3| , HVAQ_IPVS+AQ~|@NV<~+ .......... +(ot, ~B,)v, =0
~ O O ..luw. O,UON.N?\, \ﬂ - kﬂ I.lN..g&» = Q.a ]m_ “Ov Q.N ]@N -
2
0 0 1
_._ 0 O, = Q_HUTQNH@? .............
0 4 3 - Hence every vector v € V can be uniquely expressed as the linear combination of
- 0 0 0 Operate R, & R, vectors of B.
0 01 Conversely. Let each v € V can uniquely be expressed as
] w PETCAVE Jo o A e +ov,, o, FI<i<n, »
_ O O . . . : : 4
ﬁo ‘3 To prove that S ={v,,v,,......... ,v, } is the basis of V(F). : . i
"o o 1 , For this, we have to prove that (i) S is L.I set
0 00 (i LES)=V
hich i L_ lon £ > (i) S is L.I. set
which is 1 form of o
| eccion form of P Consider By, +B,v, +.coee tB,v, =0 for Bse F 3)
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B-56
< -
mmgm © yector SPACe® B-57 g
and a=-2¢ R b
Then o(a,b,c)=(ca,cb,oc) - ox+Bye L(S) ,m
= (~2a,-2b,~2¢) o Thus forx, y € L (S)and o,pe F , we have,
=\—4a,—20,—cC
g¢W [Since a2bh2c=>—20<-2b<-) ax+Bye L(S)
202 —2a <~ < -
. W is not closed u. : m.u Hence L(8S) is a subspace of V(F).
B not closed under scalar multiplication. A - Sis ms,c%m,oa of V [~ L(S)=5]
16. If Sis a subset of vect ; . _ : Hence the proof.
L(S)=S§ or space V(E). Prove that § is a subspace if and only jf 17. Prove that any linearly independent set in V(F) can be extended to a basis of V.
(September : (September 2010)

2010)
Sol. Let S={w,w,, .,w,} beaL.l subset of a finite dimensional vector space V(F).

Sol. Let S be a subspace of V(F) |
To brove et 108 - § If dim V = n, then V has a finite basis B={v,v,,...c..... ,v,},so that Bis L.I and L@

Letx e L(S) =V
Consider a set S, ={w,, W, ey Wi, Vi3 Vg V)

Now since each v € V, can be expressed as the linear combination of the elements of B,

4 !
Then RHMQ} where o, s€ F and x;5€ S, 1<i<n
i=0

Since S is subspace of V(F) “veV

. Sis closed w.r.t. vector addition and scalar multiplication. . ’

LxeS . => V=0V H OV, Fen T LY, o, se F

Thus x € L(S) =xeS = v=0w +0.w, +...+0w, + 0V + 0LV, ... QY

~LS)eS . ) — v can be expressed as the linear combination of elements of S,

Also S € L(S) = ve L(S)

LSy =

8)=§ LV eL(S)

Conversely. Let L(S) = S

To prove that S is a subspace of V(F). Also L(S,)cV

We know that L(S) is a subspace of V(F). sOL(S) =V

Letx, y € L(S) ’

Th Also since we can express all w’s as linear combination of v; s

en X = 04X +0,X, +..+ QL X, . . !
: s Spis L.D. set. .
And y= + + e o . . .
y=By + Byt B, — there is some vector of S; which is a linear combination of its preceding vectors.
Where o . 1< . , ,
ere ;e F,x, €S for 1<i<n This vector cannot be any of w;'s [~ w s are L]
: And B e F,y, <j '

. BjeF.yeS for l<j<m :. this vector must be some v, :

M:mv to show that L(S) is a subspace of V(F) Consider a et S, = {W, Wy errress Wes Vi Vasooos Vocps Vit seveens ¥y |

ot a,fe F andx, y e L(S) , Obviously L(S2) = V
Now o +By = a(oyx, +o,x, +..+ o, %, )+ BBy, +Byyy + B,y ) I£ S, is L.I. set then S, is a basis of V and it is the required extended set, which is a basis

mJs m %z<
= 0x+ = . 0 . . .
x+ By = (oo ) x, + (00, )y (000, ), + BBy, +(BB, )y, +..+(BB, )Y If S, is L.D. then repeating the above process a finite number of times till we geta L.1.
Thus ox+By has been expressed as the linear combination of a finite set m@m é?&w contains S and spanning V. This set will be the extension of set S and will be
) ) a basis of V. b

(A.t xNu ......... v\ﬂu [ T TP ’ C . .
P2 Yy of the elements of S. Hence any L.I. set in V can be extended to a basis of V.
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B-60.

mm 3¢

L= 2 mn?r e

= wa!wml&?%lwmn@
= 2a~4t-3c=0

- v belongs to the space generated by Vi,V 0
If 2a-4b-3¢=0 _

21. Find basis and dimension of the m:cwﬁsna W generated by the vectors
ulm.cvmmkv&“?umb; ,9,-3) of kﬁ Also e:m:m this basis to a basis of wu

. . (April 201¢)
Sol. Consider a matrix A whose rows are the given vectors and reduce it to echelon matrix,
I -1 1
&
A= 4 2
2 20
3 9 -3
Operate R, — R, -8R, B, — Ry—2R;, Ry — Ry 3R
I -1 1
1012 -6
0 4 =2
0 12 -6
Operate R, — R, IW@,F —R,~R,
1 -1 1 |
0 12 -6
0 0 9
0 0 0
Operate R, — ,W R,
I -1
0 2 -
0 0 9
06 90

Which is an echelon form of A

Thus non-zero rows of an-echelon form of A, forms a basis of the row space of A i.e,, of
subspace W cf W,.N. .

vee

yectol 2P2

for Spaces : , . - B-61

Hence B= E ~1,1),(0,2 Lx is a basis of W, so that dim W =2.

JInd part. Since dim R = -3
~. We need m:do LI _vectors of R’ over R ,Szov include the above vector (1, -1, S and

e 2, 1: k \1J
Conider B, ={(1,-1,1),(0,2,-1),(0,0,1)}
o show B, _m LL .
From the Eme whose rows are %o vectors of B;.
1 -1 1}
i.e. {0 2. —1| whichis an echelon matrix having all the three non-zero TOWS.
0 0 1 o
o w_ is L. H

<

22. ‘w%&:m of k, will the vector v=(1,k,~4) be a linear combination of

v, =(1,-3,2) and v, =(2,-1,1). (September 2009)
Sol. Let v=aw +fv, -

,k,~4)=a(1,-3,2)+B(2,-1,1)

.ﬂ?+w?&9|mbg+3 .

= a+2B=1 , M

SBoa-f=k . )

2o+B=—4 ] ; 3)-

= 2()-(3)=2(0+2B) - (20 +B) =2~ (—4)

=3B=6=2p=2"Y

From (1) a+2(2)=1=>0a=-3 «

Hence k=-3c~f=-3(-3)-(2)

=9-2=7

=k=7 .
23, K a basis  and dimension ~of subspace W of R generated by

1,-2,5,-3),(2,3,1,~4),(3,8,-3,~5) . Also extend this to basis of R*.
, . - (September 2009)

Sol. (a) Consider a matrix A whose rows are the given vectors and reduce it to echelon

matrix
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B-64

1 2 2 -2 A
. 0 -1 -2 1 i
ie., C= . Operate R, >R, ~R
I 1 0 =1 ’ :
o0 1. 3 1
2 2 2]
o2 Operate R, =R, —R _
0 -1 =2 1| operae K254 LINEARTRANSFORMATIONS
01 3 1] S— ,
R, — R, +R, ‘
' 2 2 -2 , 1. LetT be alinear operator on R defined by (September 2013)
0 -1 =2 1 T{x,y,7)={2x, 4x—y, 2x+3y~z2
~ Cperate R, < R, A ¥ v A v
00 0 0 Prove that T is invertible and find T,
00 1 2] , gol. We know that T is invertible iff T is one-one and onto
- - (i) To prove that T is one-one
T 2 2 =2
0 1 2 Let vy =(x,%,2) and v, =(x,,1,,2, )€ V,(R)
oo 1 2 | Such that T() =T (1)
00 0 0] = T(%,02)=T(x,,.2)
‘which is an echelon form of C. % b —v. Ix +3v —z ) =(2% . 4dx. —v.. 2x. +37. —z
. . . . = A Xy 4K =Y, LK TIY N_v A Xos Xy = Yo, £X, T3), nwv
Thus non-zero rows of an echelon form of matrix C forms a basis of row space of C i.e,,
of subspace W, + W, = 25, =1x, =X EX _
o By = {(1,2,2,-2),(0,~1,-2,1),(0,0,1,2)} s 2 basis of W, + W, | 4x, =y, =4x, -y, = %= [ x =x] |
and dim (W, + W5) = 3. v~ v and 2x +3y, ~z =2x,+3y,~z,Dz =2z, [ x =x, andy, =y,]

(iv) We know that

SoAXL M2 ) TN )02
dim (W, A7, ) = dim 7, + dim ¥, — dim (¥, + 7, ) (%:302) =(,72,2,)

=2+42-3=1 DA
Hence the result. - ﬂ? v = i,\wv =V =Y,
.. T is one-one

(i) To prove T is onto: Let (a,b,c)e ¥, (R) and we will show that 3 a vector

(x,y,z)e V;(R) such that
T(x,y,z)=(a,b,c)

= (2x, 4x—y, 2x+3y~-z)=(a,b,c)

= 2x=a, 4x~y=b, wx‘rww!muq

i
i
|
H
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B-68 ) - E:wm: ggmzos sar Transformations B-69
/wl,
4. State and prove rank nullity theorem. (April 2013, September w,c: Also ~ x € V and B; is the basis set of V
Sol. Statement:If T: V. — W be a lincar transformation from a finite dimensiona] <oonw x =By, +B,v, +o B, + B v, B,
space V(F) to W(F) then | s = =T + Aot By, +B, Ve, B
dimV =Rank T+ Nullity T - . = y=T(x)=T(Bv +b.v, Bovi +Biivin )
LetdmV=n = PN.AS V + WNN‘AS v +...+ @»N‘AS. v + ET,NJAS,.: v ot U:m:?&. v
Since Null space of T is a sub space of V 2B 0+BL 0+ B0+ B T (v, )+t BT (V)

.. it is finite dimensional

Let &BAZAEV =k<n

o Nullity T =k

= Basis set of N(T) contains k elements

HWT_N‘T&.:v+.:.+@:ﬂ?\:v .

= y e R(T) is a linear combination of elements of B;
.. By spans R(T)

Hence B; is a basis of R(T)

Let B ={v,,v,,.cccc.. ,v, } be the basis set of N(T). , . — dimR(T)=n-k

By definition of N(T), T(v,)=0, T(v,)=0,..coroo.... T(v,)=0 =dim V - dim N(T)

Now, the set B; can be extended so that the extended set = Rank T+ Nullity T = dim V

B, ={v,,v, ... Vs Vi peerensecenennes 2@ consisting of n elements, is a basis set of V. . .
We oos_waﬂ a set W,s, 5. Show that U,,U, are subspaces of R*: , (April 2013)
B, ={T (v, ;T (Vg )sereroone T(v,)} U, ={(a,b.c.d); b+c+d=0}

The set B; consists of T images of (n —~ k) vectors. U,= ?«:Fnhvw a+b=0,c= N&

If we prove that B; is a basis for R(T), the theorem will be proved. . U, where o, = (a,b,,c,d,)

We have to show that: Sol. () Let &0, €U, w & =564,

() By is L.L set (ii) B; spans R(T) (iii) B; is L.L and o, =(a,,b,,¢,,d,) with b +¢, +d,=0

Let o, ,,00 e ,0, € F such that . and b, +c,+d, =0

Qf_ﬂ?r_v+o£:ﬂﬁ<iuv+.:+Q=HA<LHo . Letx,ye R

- NJAQTLS,:.*.Q»Q.QTN.T ..... +«~:<=vHO _H .H_Mmm.hq;“_ Now HQ._IT.V\Q.“HHADZWCO_U&_V+EAQT®TGNVQ~NV

= 0 Ve F OV, Tt Oy, € N(T) =(xa, + ya,,xb, + yb,,xc, + y¢,,xd, + yd, )

Now since By is a basis of N(T) Consider xb + yb, +x¢, + yc, + xd, + xd, =x(b +¢, +d,)

- every element of N(T) can be written as the linear combination of elements of B, JJ.AF +e,+d,)= x(0)+ iov =(

0 Vi F OV, e T OV, SO0V LY, e LY,

e o " = xa, + yo, € U, Hence U, is subspace of R*
O O T O (< e+ (0 Yy (-0, ), =0 (ii) Let §,,B,eU, where B, =(qa,,b.c,.,d,) and B, =(a,,b,,c,,d,) with a +b =0,
=0 =0, = =0 =0, =0, == a, =0 [ ByisaLl.l set] a4, +b, =0, ¢,=2d, and ¢, =2d,
e T (Vi )+ 0, T (v )+t 0, T (v, )= 0 Now xB, + B, = x(a.b.c,,d,) + 7 (a,.b,,,,d. )
=0, =0, = =0 =

=(xa, + ya,, xb, + yb,, xc, + yc,, xd, + xd,)

= BiisalL.l set.
(ii) B; spans R(T)
et y be any element of R(T) Also xc, + ye,= x(2d,)+ y(2d,)=2(xd, + yd,)

~dxe Vsuchthat T(x) =y = xB, + yB, € U, . Hence U, is subspace of R*

Consider xa, + ya, +xb, + yb, =x(a,+b )+ y(a, +b,) =x(0)+ y(0)=0
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B-72 Linear ,_,B:&o:sm:o:w
—_—
is surjective: .~
If w erank T then there exists some ve ¥ for whichw =Tv, so w= o([v])
Suppose o{[v,])=0([v,]) = Ty =T,
=T (v-v,)=0=v,—v,e KerT
=[v]=[]
9. Prove that a linear transformation T:V — W is non-singular if and only if set of
images of linearly independent set is linearly independent. (April 2012, 2010)
Sel. Given T:V — W is anon-singular L.T.- .
Let $={v,v,,.....v,} beaLl subsetof V
To prove: §'={T(v,),T{v,),..T(v,)} is L. set
Consider 0,7 (v, )+ a,T(v,)+...+,T(v,)=0fora's e F = (1)
= T(oy )+ T (e, ) +..=T (o, ) =0 [ TisaL.T]
= T(ay, +0,y, +...+ 0y, )=0 [~ TisaL.T]
= oy toy, oy, =0 [ Tisanon-singular] ‘
= o, =0,a, =0,........ o, =0 [*- Sisal.L set]

Thus (1) = 8 isa L.I set
Conversely. Given: The szt of images of L.I. setis L.I.
To prove: T : V — W is non-singular

Let ve V' be such that T(v) =0

If possible, let us suppose v # 0

= {v}isaL.Lset [Singleton non zero vector in a vector space is L1}
= {T(v)} is also L.I. szt
= {0} isal.L set
which is a contradiction

[given]

[ singleton zero set is L.D.]

. our supposition is wrong

=>v=0

.H:cm T(v)=0=>v=0for veV

= T:V = Wis non-singular

Linear Transformations B-73

s

10.

Sol.

Let V be a finite dimensional vector space over the field F, and let
B ={0,,0,.rr, } be a basis for V. Then show that there is a unique dual

B*={ f,, fyrerr f, } for the dual V¥ of V such that f, ?\.v =38, . Also show that for
each linear functional f on V, f=3 f(0,)f, and for each vector o in
i=1

v, QuMh (o), . (April 2012)
i=1

B={a,,.....,0,} is an ordered basis for V.

Therefore there exists a unique linear functional £, on 'V such that

(o)=L f{0,) =0, fi{e,)=0
Where {1,0, ....... , 0} is an ordered set of n scalars.
In fact, for each i=1,2,.....n there exists 2 unique linear functional f, on ¥ such that

0 ifizj
o )= .
\”A \V 1 ifi=j
ie. £(x,)=9, - ¢
Where §, € F is Kronecker deltaie. §, =1 if i=j
6,=0ifi#j
Let B*={f,.0cce.. ,/.}. Then B* is a subset of ¥ * containing n distinct elements of

v *. We shall show that B* is a basis for V' *.
First we shall show that B* is linearly independent.

Let ¢ f,+c,fy +.tc, [, =0
=(efi+e fyt +9\LQH@AQV StoeV
e fi(a) o te f,(0)=0 Vael ﬁ..@@n&

UMQSAQVHO VaeV
=}

il
~
Z

HVM_QNNAQ\.V =0,j=12,...,1 [Putting o.= o, where j

=c,=0,j =12,...,n
= fis frseeens [, are linearly independent.

In the second place, we shall show that the linear span of 8% is equal to ¥ *.
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5

- ; . . . Transformations B-77
B-76 Linear ﬁm:mﬁg r\_:mw\ﬁhw« - .
1 00 and y=Bv +B,v, + o +B,v,
X) = oW, + 0 W, + o oW,
Operate R, - R, + R, 0 10 = T{x)=0uw + 0w,

001 and T(y)=Bw +B,w, +coeren. +B,w,
000 Now for o,fe F

, Hence Range ﬂnﬁrouoioy 0),(0,0, QUNASHW o+ By = a0y, + 0V, + o F 0V, )+ BBy, +Byv, +o By, )

w. To find Null space of T . : n?xos+mm~v<_+AQQN+WPV<~+....+Ao§=+mm=v<

To220) =0 x4y, y-z, 2-w)=0 AT (oo By) = (ot + BB, ), + (s, + BB, ) w, +..+ (e, +B, )w

= (oo w, + 0, w, +......+ o, w, )+ (BBw +BB,w, +....+BB,w,)
=0 aw, +0,w, P o,w,)+B(Bw +Byw, +...+B,w,)
=T (x)+BT(y)

= T is linear

(iii) To show T is unique.
Let, if possible, 77:¥ — W be another L.T. such that

= X=ECY, YTz, WEZDX= 2,y =2, w=2
= {(-LLL1)} is Null space of T = N(T) = 1

o Nullity T+ Rank T=1+ 3 =4 = dim R?
Hence the result.

12.. LetL:V —> W be a linear transformation of finitely generated vector spaces V and
W. Prove that L is completely determined if we know the images of a basis of V

under L. (April 2011) . T'(v,)=w;l<i<n .
Sol. (i) To show that 7'(v,)=w, « Let v be an arbitrary element of V, then v can uniquely be expressed as
Let {v,v,,.....,, } be a basis for V - v nf +byy +.tby,, bseF
-~ Forve V, Junique scalars ¢, a,,........ ,a, such that : T(v)=bw +bw, +...+bw,
vEay tay, to..tay, A and T'(v)=T'(Byv, + by, +....+bv,)
[ every element of a V.S. can uniquely be written as the linear =0T (w) + 0,7 (vy) + e+ B,T7(v,) .

Combination of the elements of its basis set]

=bw +b,w, +...... +b,w,
We define T: V— Wby

=7()

)= am s aym s, Le. T'(v)=T(v)¥ve V

Now since &.\.w are unique = T'=T = T is unique

= T is well defined. Hence the proof.

For v,eV,v, can be written as: 13. Let T : V(F) - W(F) be a linear transformation. Prove that image of a linearly

dependent set is linearly dependent and pre image of linearly independent set is

v, =0y +0y, ... +ly -+ 0, linearly independent.  (September 2010)

= T(v)=0m +0w, +..... +hw 4+ +0.w, Sol.  Since v,Vyyeeeeeee v,V are LD. over F
= T(v)=w . , ~.3 scalars €, Cyyererennnn. .o, € F (not all zero)
(ii) To show that T w,::&:. o . Such that oy, + 0, +....,v, =0
Let x,yeV, then 3 scalars Q_,\?P\,WC <i<n) . = T(ow, + 0y, +...o,v, ) =T(0)
., Such that x =0V, +0,v, +......... +ov, = .QMN,A<_V+QNNA<L+ ..... +0o,T(v,)=0

[ TisaL.T.and T(0) = 0]
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B-80

Linear Transformatig

16.

Sol.

L

To prove that ¥ = F" we have to prove that T is linear, one-one and onto.
T is linear.
Let x,yeV and 0,pe F

Now x =0y, +0,V, T... TV,

and y =By +Bv, .. +B,v, o's,B seF

So that T (x)=(04,Clysereeeen. ,or, ) and T ()= (B,Bysere LB.)
Now o +By = o{o,y, +0,v, ot oy, )+ BBV + By, +o B,
= (o, + BB, v + (o, +BB, )y, + ..+ (0, +BB,)v,

= T(ox+Py) = (oo, +BB, a0, +BB, ;e 00, +BB,)

{by def. of T]

». T is linear.
T is one-one.
Forx,ye V,

T(x)=T(»)

= (0,0 @y ) = (BB ,B.)
= 0, =P, 0, =By o, =B,
= x=y

. T is one-one

T is onto.

For (0,000, )€ F

and OV, + 0LV, +oe FOLY, =xeV
we have T(x)=(0l,0,n O
- T is onto

Since T:V |Zw " isa L.T. which is one-one and onto
s VEF"

Let T:V,(R)—>V,(R) be defined as T (x,y,2) = (3x,x =y, 2x+ 3+ ).

Prove T is invertible and find 77", (April 2009)
We know that T is invertible iff T is one-one and onto.

(i) To prove T is one-one.

Let v, HAH:S_N; and v, HAHMvv\N.NLm ﬂ\wﬂwv

ar Transformations . B-81

e
WGOT that N.ASv“ﬁAtNV

= ﬂ?:%:ﬁvﬂﬂ?fu\?mb

= (32,30 = yu2% + +2,)= (32,0~ ¥,,2%, + ¥, +2z,)
= 3 =3n=x=x

4= NTX PN T,

NSQ MR_ +.w\~ +N_ HN.NN .+.v\m+NN HV.N_ =z,
ANCV\CN;HAHT%NWNNV )

= V=V,

Thus T(v)=T(v,)

[ x=x]

ﬁ X, =x, andy = .<L

>y =y,

- T is one-one. o

(iii) To prove T is onto. Let (a,b,c)e V,(R) and we shall show that there exists a
vector (x,y,z)e ¥V, (R) such that

T(x,y,2)=(a,b,c)

= wa,alp\uwk+w+mv =(a,b,c)

= 3x=a,x—-y=b2lx+ytz=c

a a

= xuwénwl.PNHnlmiv HOmeBv:momno&
Since a,b,ce R = x,y,ze R .
s (xy,z)= M“Ml?mln:@ eV,(R)

Thus T is onto.
Hence T is one-one and onto
= T is invertible

5 T(xy,z)=(a,b,c)
= T (a,b,c)= (x,y,2)

=22 pe—a+h
3°3
» aa . .
= T™'(a,b,c)= MVMIFIQ._.?TQ is the required inverse of T.
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Matrices and Linear Transformationg
B-84 lions

w it (]
G| -

1
|
w N

3. Let V=R, and let T : V = V be the linear transformation defined by

, (2
:k,?& HANkua?mav. Find the matrix of T with nmmcmn.a to the basis wuc,o

? -0 (April 2012)
"2 )

Sol. Expressing v =

PPM of V.
4

2 1 (1
£ 0.0]+g| 0,—,0 |+7] 0,0~
500 ]+4| 03 ﬁ )

w 11
= ?v@,&u i
= nnm? wuwmr nnwx
3 2 4
: UEHWSQHNF r=4c

Now T:R' = R is given by
ﬂ?&s&ﬂ@ﬁfﬁmmv )

lm 0.0)=[ 2 00l=2 mupofo 0.L.0l+0 0.0

(3" 3 377 2 4

ol o/uswovno 2 00lealoLo)+o oo&
uN» p b 3 wq b ) qu 3 wh.

‘ 001 nmoom,wno 2 0.0)+0[02,0]45 99&
b} uLv s u#\ ww k] vMu h.

(a, b, c) € R® as linear combination of elements of basis (a, b, ¢) =

Matrices and Linear Transformations o . ‘ B-85

Sel.

Let X be a linear operator on R, defined by T (x,y,z)=(2y+ N,klu?wkv. Find
the matrix of relative to the Basis B = ?H 1,1),(1,1,0),(1,0,0) w and verify that [T ;

Bl [v;B]= [T(v); B
(i) Firstly, we shall express any element

(September 2011)

AQum )\vm R® as a liner combination of the nHBa:a of basis B
Let AopmvinQCLLV+@AC“8+QC“P8 for somereals ¢, b, ¢
H?+@+Pp+?mv ,
= a+b+c=q, niwxw_wv a=y
Solving these, we get, a=Yy, b=B~y, c=0-f
?Péui?cimi\x_uwofggnmv?ovs 8))
Given T : R’— R* is a linear operator defined as
T(x,y,z)=(2y +2z,x~4y,3x)
and B ={(1,1,1),(1,1,0),(1,0,0)} is abasis of R’
Now T(LL1)=(2+1,1-4,3)=(3,-3,3) <4 7
=3(LL1)+(-3-3)(L1,0)+(3+3)(10,0) T~ [Using(1)]

~.
~.

=3(1,1L1)+(~6)(1,1,0) +(6)(1,0,0) e
7(1,1,0)=(2+0,1-4,3)=(2,-3,3)

=3(LL1)+(-3-3)(1,1,0)+(2+3)(1,0,0) [Using ()]
=3(LL1)+(~6)(11,0)+(5)(1,0,0)
7(1,1,0)=(0+0,1-0,3)=(0,1,3)
=3(LL1)+(1-3)(1,1,0)+(0-3)(10,0) [Using (1)]
=3(1,11)+(-2)(1.1,0)+ (=1)(1.0,0)

3 -6 6] [3 3 3

[T:B]=|3 =6 5|=|-6 -6 -2
3 nw\_. 65 -1

(ii) To verify that [T;B]{v;BI=[T(v); B] ¥ve R
Let v= Axu?‘mvm K

Z(LLD)+(y—

Then v=(x,y,2z)= Nv?rov +(x-)(1,0,0) [Using (1)]
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B-88 Matrices and Linear ._.qm:mﬁqumz.o:
=(2x+y) (L) +(2x+ y—4x+2y)(-1,0) [Using (1)]
=(2x+ y)(L,1)+(-2x +3y)(-1,0)
2x+y
2 T)Bl=[2xty  —2x+3y] =
h ?v g h Ty * i —2x+3y
LHS.=[T;B][v;B]
l;w 21y
l[H 2 |y—x
~ [3y-2(y-x)
|y +2(y—x)
[2x+ :
=Y Hﬁﬂ?vwwguk.w\%‘
| —2x+3y
Hence the result is verified.
7. ind matrix representation of the linear transformation 7 :R’ lv@ defined by
T(x,y)=(3x-2y,0,x+4y) with respect to basis B, ={(1,1),(0,2)} and
B, ={(1,1,0),(1,0,1),(0,1,1)} for R* and R® respectively.  (September 2009)
Sol. Given T:R*> —R® defined by

T(x,y)=(3x-2y,0,x+4y)

and B, ={(11),(0,2)}

B, ngvrov,?o,cwﬁ\o,ri be ordered basis for xw. and w\mw respectively.
To find [T ; By, B]

Firstly we shall express any vector v=(a,f,¥)e R' as a linear combination of the
elements of basis B,.

Let (o.B,7)=a(1,1,0)+5(1,0,1) +c(0,1,1) for some scalars a,b,c
=(a+ba+ecb+c)

= at+b=a,a+c=B,b+c=y

" On solving these, we get

_o+B-y vugimi\ nu39+m+<

‘ N 2 2 /\
- (eB,y) umwlmhu?rorr Q|w+<?pc+ @ +Nm+,§§ o))
Now T(L, 1)=(3-2,0,1+4) [by def of T]

=(1,0,5)

.Matrices and Linear Transformations B-89

1-0+5 -1+0+5

1+0=5
=R L0y (L0, + = (0L
=-2(1,1,0)+3(1,0,1)+2(0,1,1)
and  T(0,2)=(0-4,0,0+8)=(4,0,8) [by def of T}
uL+o|m?r8+LTO;?ETf?&?pb
2 2 2
=-6(1,1,0)+2(1,0,1)+6(0,1,1)
P
<~ [T;By, Bl = Hm M
, ) 6

8. LetT:V —V bea linear ovwg»cn where V is a finite dimensional vector space
over F (a field). Suppose B uT:.ct.:::.;.,\L is a basis of V(F). Prove that for any
vectorve V T; wt,\ ; Bl =[T(V)3 Bl. (April 2009)

Sol. GivenT:V—VbeaLl.T.
and B = {v,,v,,.........,v, } be abasis for V.

Let i&.vnM@sL Sjsn
i=l

a,; - q

4y dy ; in
Ay Ay v Gy Oy,

SITGBI= e e e [By definition]
Gy @y o, o4,

Let v be any element of V .

.. for scalars €,00,.0cence. e

We have, v=04y, + 0LV, +.....+ AV,

n
lev=> oy
=

then [v; B] =
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B-92 Characteristic Roots & Characteristic Vectors of a Ma;
L

=0, ,a,=0,a,,=0
But this contradicts our assumption that the scalars

,a_, are not all zero:

r+d

independent.

m\ Find all the eigen values and eigen vectors of the matrix:

1 -3 3
3 53
6 6 4 .
] 1 33
Sol. Given 4={3 -5 3
6 6 4

The eigen values of A are the values of £ s.t. _N Hlk =0
(t;-1) 3 -3
-3 (t+5) -3 |=0
-6 -6 (t—4)
. Operate, C, = C,+C,, C, » C, +(,

1 6 -3

= (r+2)']1 1 -3 |=0
0 1 (t-4)

Operate, R, = R, — R

10 =3

= (t+2)'0 1 0 |=0 Expand by C,
0 1 (t-4)
1 0

= (t+2) =0

( VH (t—4)

e X, are ::wwﬁ%

(September 2013)

sw_‘moﬂmzmmo Roots & Characteristic Vectors of a Matrix .

— t=-2,4 are two distinct eigen values of A. [
To find m.mmos vectors of A associated to eigen value -2.
Putting, 1 =2 in (1 1-A)X=0
x
where X =| y | is eigen vector of A associated to eigen value —2.

z

-3 3 =3[x] [0
13 3 SBiyl=|0
-6 6 —6llz] {0 .
Operate, R, > R,—R, R, =~ R, —2R,
-3 3 -3[x] ﬁo
0 0 0lyl=10
0
0 00 z) | >

- Weget, 3x+3y—3z=0 or —x+y-—z=0o0r x=y—z°

- N

x1 11 -1
Slyl=l1iy+l0 4z
z 0 T

Thus, X, =(1, 1, 0) and X, nﬁvob are two L.I. given vectors of A associated to eigen .

value —2.
To find eigen vector of A associated to eigen value 4:

Putting, t=4 in (¢ [-A)X=0

X . .
where, X =| y{ is eigen vector of A associated to eigen value 4.

z

-3 3 -3jx 0

2139 3ilyi=0

-6 6 0]z 0

Operate, R, = R, + R, Ry = Ry +2R,

3 3 34« 0
=10 12 -6|lyi=0 Operate R, = R, —R,

0 12 ~6jlz] |0




A
m X X=XV X <

(X0 x=(xv).x

18 am ¢ x Aq Sufjdnjnw-o1d

XY=Xv "

*y 3001 J1ISLI9}0BIRYD 0] SUIpuodsaliod 103094 JUSLIDIORIBYD A1 9q X 197]
" JO 1001 D1SLISJORIBYD STj} 9Q Y PUB XLIJBW URMIULISH €3q V 197 [0S

{7107 +aquandag) *[8a.1 DIB XLIJBWU UBIIWIIE] ¥ JO San[eA Uasid 38} 3404 g

‘AreurSenn Appmd sty 10 § =y LY <
[Jearare xrijettt USLIWIOH 2 JO $1001 O1SLIOIOBIBYD .. ] [BAL ST Y/14=
V1 XIRHU URHIULIOY JO JOOI ONSLI3JORIBYD B §1 Y14

X7)=xn) =
0#X X & =XV °
v JO 3001 OISLIDJORIBYD © 3q Y 197]
XLIBW UBGIULSEH B ST Y14

A v MON
 pe= eyl
XLIJBUI UBLIULIOE] MOYS 2 3q V 197 [0S

(1107 pdv ‘g107 1adv) ’
‘Krguidew bugm 9.8 XLIJBW UBHIULIDL] MINS JO sonfea usdi HSEKK.\M 4

1 0]
0 o),
- € 0=
S
Lo o] [st o o0 moo,m
0 L 0f+f0o1 s 0|-|8 1 0|7=
00 2 | bl
[t 00 € 00
0 1 oLtz 1 05—
00 1] - 71

S6-g ) “XUJBIA] B JO SIOIO8A DlSueIoRieyd 3 sjo0y 21

1L SUSNES  XLB

(£107 111dw)

0= FE—TL+VS— p <

0= JS—VL+ Fs—F) ¥ &
0=1e~VLi—VS—F <
uonenbe s151I030BIRYD

srenbs Aroas ‘worosy voynuey — s.£oikeny o1 ‘Jurpoooy

O=€—=L+ XS~ <
=(-e)(x-1)(¢-1) <
=€ 3 0

Tl 0=
- T -1

¥ 0 0l [¢ 0 0

o=lc v ol~lc I of<

o 0 v] -7 1

= _ - W\ Ac wand sty Jo uonenby susnoORIRYD)  J6S

€ 0.0
1T 0EY
- 7z 1
JO 3SI0AUT PUYJ 03 WBI02Y] UoIpWBY 549148 85( ¢

" ¥ =17 onjea us8io 0] PIYEIOOSSZ 1010eA UaSIe 9yl & {7 ] ‘1)«

4 z
< £

“A..HR.

—

| 1 |x

"9[qBLIBA 934) SIA ©
\,LHN« | .NH.A.N
. = 10
A=x z=A4+x

g=z-47<= Q=r9-A7] pue
0=z-d+x 10 (Q=zg-A¢+xg
108 am -

Wo zZho 0 0
&on dilg- 71 ol e
o] |x]le= ¢ ¢

w6-d




Characteristic Roots & O:wﬂmﬁmammo Vectors of am
- - = - . Ay

= X"AX =1X°X v Q)
[ A= dand (X°) =X |
From (1) and (2), we get, .
AX°X =AX°X : :
= (A-1) XX =0
= A=A=0
= A=A
=>Ais real.
_ Hence the result.

m.. X#0 ~X°X# &

6, Define eigenvalue of a square matrix. Let A be a square matrix of order n. If } i
an eigenvalue of A, then show using definition of eigenvalue that (i) A” is an

eigenvalue of 4" ; (i) if A is invertible, then 1 is an eigenvalue of 477,

A
: (April 2012)
mow.ﬁﬁx HT,\, u;; vomz% :L.oé& cha,émﬁx,mnm »min&ﬁodﬁnﬁo.,;oBm&x>x

Al is called characteristic matrix of A where I is unit matrix of order n.

The determinant Y — Al M is characteristic polynomial of A.

and the roots of the chzracteristic equation TM - AT _ =( are called characteristic_roots or
eigen values , \

(i) Suppose A is any characteristic root of A and X is characteristic vector of A

= AX =X |

= A(AX) = MAX)

= A’X =r{AX)

= A’X=1(AX)

= A'X=3X

Similarly if m is any positive integer, then repeating the above Qooomm, m times, we get
A"X =1"X ; ,

= A"
(ii) Let A be an eigen value of A and X be corresponding eigen vector. Then

is an eigen value of A"

‘Sol.

ic Roots & Characteristic Vectors of a Matrix B-97
AX =AX = A7AX =A"(AX)
=X = PA>‘_NV
1
ATX =X
= A
UW is an eigen value of A™
. 011
@n\aﬁimﬁx of eigenvectors of the matrix givenby A={1 0 1/.
. , 110
Is this matrix diagonalizable? Give reasons. (April 2012)

.

01 1
Let A=|1 0 1
110

-

The eigen values of A are the values of ts.t. [tT—A]=0
t -1 -1

=1 t -1=0
-1 -1 t

= (t=2)(t+1) =0

= t=2,~1,—1 are the eigen values of A

To find eigen vector of A associated to eigen value =2
Puttingt=2in (tI-A)X=0

x|

Where X =| y| is eigen vector of A associated to eigen value 2

z
2 -1 —~1j|x 0
-1 2 =lliy|={0
-1 -1 2}z 0
1 1
Operate R, =R, +MW: R, =R, +MW_
2. |W X 0
2 2 0
z
) 33
L2 2]

i
i
i
b
H
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it cteristi y i . B-101
B-100 Characteristic Roots & Characteristic Vectors of 5 Maty; ojm«wﬁm:mro Roots & Characteristic Vectors of a Matrix .
[0 -2 =2][x7 [o] : . - {(1,0,0)(1,0,1)} is a basis of eigen space of £=3. o ms\ 1Z-
=i-1 -1 1Hy|=0 Operate R, — R, ~R, Since A has three L.I! eigen vectors. .
0 -2 -2jz| {0 ; .. A is Diagonalizable. { f
- W pan In Fact, let P be the matrix whose columns-are @.HfomEmQQ.m. / % + o
0 -2 -2][x] [o 7 774 2 1 1] - o /
B AR (i Joad T K= 2F ie, P=|-1 10
. = 7 . .
0o 0 ofz] [o] i s, 1 o1
~2y-2z=0 y=—z -1~ Ha 1 0 0
and —x=y+z=0]  y=-x+z then P"AP={0 1 0
- we have y=—z g 0 0 3
And x=2z ¢ - | Z Hence A is Diagonalizable.
unk \ .
L X= f={ — - Find the-eigen values and the eigen-vectors of the matrix v
" v; E il > _ : (April 2011)
z| |1
. . . _ 2 01
Hence {(2, -1, 1)} is a basis for eigen space of £ = 1.
To find basis for eigen space of = 3: . A=10 20
Puttingt=3in (¢ FA)X =0 . 162
x 2 0 ;
Where X = | y | is the eigen vector of A associated to eigen value ¢ = 3 Sol. LetA=10 2 0
z 1 0 L
2 2 =2 T 0 The eigen value of A are the values of ts.t. |t I~ A=
=1~-1 1 1hyi=i0 : [t-2 0 1
1 -1 - T 0] - =10 -
Operate R, — R, +R,,R — R +2R, -1
- - - 2=
0 0 o)x] [o | T @ (r-2)]=0
=|-1 1 1}jyi={0 Operate R <> R,
0 0 0jlz] |o | = (1-2)[* ~4r+3]=0
-1 1 1[x] [o , = (t-1)(1-2)(1=3)=0
=0 0 0ffyi=|0 . = t=1, 2,3 are the eigen values of A
L0 0 0Jtz] (0 . , To find eigen vector of A associated to eigen value = 1.
= —x+y+z=0 Sx=y+z Putting t=11In _:lﬁxno
x| 1 1 x
Y= Liy+{04z : where X =|y | is eigen vector of A associated to t =1
z 0 1 x4
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B-104

Characteristic Roots & Characteristic Vectors of a _<_m5x ojm«moﬁm:mzo Roots & Characteristic Vectors of a Matrix B-105 .
T — — )
8 —4 —4lx 0 11 Find all the eigen values and the eigen vectors of the matrix -
= {0 0 0 =|0 . %N - \NN —& .._ ' 31 1 . .
0 0 0 i 0 k= E, IN%L 9. N»\& A=|2 4 2 (September 2012, April 2010)
zZ = =
v : w
= MRIAEILN”O = NHNHI\«\ M. o u, 1
X 1 0 o xt ¥ q Is A diagonalizable?
\ | ' 11
Now | y|={0|x+|1 |y 2 . 3
z 2 ~1 Sol. LetA=12 . 4 2 )
i} . : 113
(1, 0, 2), (0, 1, -1) .wﬂ.o two linearly independent characteristic vectors of A The eigen values of A are the values of t s .
corresponding to characteristic root —1. i
To find eigen vectors corresponding to A =3 A N : N .
: =3y - - .
X | ﬁ.

. - - -2 =0 Operate, C; =G
Let X= | y | be the characteristic vector of A corresponding to characteristic root 3. =| -2 (t-4)

z -1 -1 Q lwv
.[BI-A]X=0 t—2 -1 -1

(12 -4 —47[x] [o o 29 = |-(t=2) (t-4)
= m O l.h. .v\ = O
116 -8 -4}z 0
1
_ R ——R
H 3 -1 =1[x7 fo 4
! =12 0 -1{y|=|0
0 -8 4

and then Ry — Ry —8R,
= 3x—y-z=0, 2x-1y=0, -8y +4z=0
”VN“N.VS.M”.%

t—4 -2 “no
. _ -3
}\\& 0 . 1 AN v v
Y e |
| A
NNN|¢M»%N ~
z 0 .
B

-2 , Expand by C, .
10 -1 (t-3) .
| (1-2)[{(e=)(e-3)-2) 11 +3-1)] =
& | = (1-2)[ A =Tr+12=2-1+3~ t]=0
= (1-2)[# -8 +12]=0
. or (1-2)(1-2)(r-6)=0
x 1 = t=2,2,6
Now | y|=|1 1y
z| 12
- (1, 1, 2) is the characteristic vector corresponding to characteristic root 3,
mEom the matrix A has three linearly independent characteristic <mo\83 in R,
" A is diagonalizable. -

t=2.6 are the two distinct eigen values of A

Putting, t=2in (I-A)X=0

To find eigen vectors associated to eigen value t =2
Mx

where, X

y | is eigen vector of A associated to eigen value 2
¥4




ol [4if 1 1

Y- ey Addy = =
0 Xir= 1
zg=4 [ 0=23~dy
0= A (v —It) £q uaa13 . ,ﬂﬁ s
S1 7 =y 01 Surpuodsa11od X 103334 J13SLI030BABYD 3Y L, - O=zg+d —x=
*»L ‘S UDJJLIM 9q UBD 9S9Y L,
0 ="y 01 3uipuodsoiiod 101034 21SLIGIORIBYD [ B SI *IQ =¥ ol Tz7o o o]
I
\
uonn|os B St 7 = A Jn X EEDG o|={4ll8= v 0|«
0=G+xe= 0= | DINES AR
,1 YU+« uoppue & o y orsedp -
o 0. : __
g I- : ol [zll¢ 1~ 1~
,w [« 1 : 01=14lis— ¥ 0| <= ,
Wi+ Yy Yy Addy T_: = 0 [¥XIL8 v 0]
Orn X (v =10 \5 uoald Wi-Y W e+ ly <y farendg
S1( ="y 03 SuIpuodsaios X 101994 J1SLIDIOBIBYD QYL . (o e 1= 1]
1$101994 J[ISLIS}OBIBYD Puij 0, ol=|4 | - 7 -
7 %0 @8 VY JO SI001 J1SLISIORIBYD oY ], ol |« Tl - ¢

T0=Y < r
0=YT— X<  0=1-1+YT— X &
0=+ (1-%)

"9 onjeA o513 03 PIRIOOSSE W JO 101004 WOS10 S 4 | = ¥ ‘o104 M

x
ﬁ = 1 A 0=X(v-14)ug=1Sumng
0=] _ =y = 19 9njeA UASId 0 POJBIDOSSE  JC 103034 uoSie pulj o,
’ "7 91[BA U9313 0] POIBISOSSE Y JO SI0100A usSio 1 omy e (] 9 ‘1) €011
=|v — 1 st v o uonenby onsusoLIRYd OYJ,
. e e i 0 N._
b .. =Y SI XUJEW UsAlD  *j0S zl g|+4] 1]=14] <«
o1 (- - x;
(0107 11dv) . , - -
- Z—d—-=x 10 Q=z—d-x— <
: T | xujew URIINUAAYLY 9y} ezijruodep (M Jvyy xinew Asyun g piy - 71 o] TzTo o o
1
. "0[qeZI[BUOSRID ST Y " . 0= »\L“ 0 0 0
(12D (10 “17) (0“1 “1-) “Arowreu s103094 uaB10 171 . o Lo Lxi= 1= 1=
33143 SBY Y 90UIg "9 on[eA usSIa 0} PIIBIOOSSE V. J0 103094 uaSie T oyl st (1 ‘7 1) V=YY= Ty areredp
1] [z : ol [z)i- 1= 1~
zZig|=|4 | <= Ol=|4lic= = |~
A 1 X ot_ 1= 1= -
L0t-9 T XINEIN E O SI006), JNSUOREIRUD 3 S100y onsKeioeedd B & 10 S10100, ONSHOIORIUD § SI00Y ONSHEIRIED 901-g




B-108 Characteristic Roots & Characteristic Vectors of 5

— 2 Uatrix
I = T 0]
i = =
, =>x—iy=0
Clearly x =i,y =1
i
Y= ) is L.L characteristic vector corresponding to A =2
- 1 i .
Thus characteristic vectorsare X = | |, Y = i corresponding to characteristic rootg
. . i
0,2
) i
xPr=[1 7]

Here X, Y are orthogonal

i It
——~ e~

—_ T
— e
—_ =

o~ ~.
—

I+
o~

~ ]
e

HO‘

Now normalize these vectors by dividing components of each vector by its length

Pl ==z

1.
Length of X = l_ is
i

Length of Y = M is mN._N;.ZN =Jl+1=42 _

_ ﬁ 1 i
.. Normalized vectors are */\M and /\Hm \
|
2 V2
1]
%a:m.n /\NM /\MM which is a transforming Matrix
N
-+ Eisunitary = £ = E¢
RIS 1
so E'AE=E°4E = 2 V21 )2 2
IR SRS TN N1 IR T
L V2 2 V2 2

ojmﬂmoﬁmzmco Roots & Characteristic Vectors of a Matrix : B-109
o oL L
T o o
=220 1 Tlo 2
I A
= diag (0, 2)

13. %nmﬁmlmmn roots and characteristic vector of

3 10 5
A={-2 -3 -4
3 5 7

Also verify that geometric multiplicity of a characteristic root can not exceed it’s a_
algebraic multiplicity.

(September 2009)

Sol. The characteristic root of A are the value of A such that A 1—-A|=0
A-3 =10 =5
=2 i3 41=0
-3 =5 &7
Expanding by R,

1l
<

= (A=3)((A+3)(A=7)+20)+10(2(A=7)+12)~5 (~10+3(1+3))
= (A=3)(A*—4h~1)+10(2h~2)-5(3h~1)=0

= A —dA—A=3 + 120 +3+20A—20-15A+5=0 (i)
= A =T\ +160-12=0
Clearly A = 2 satisfies (By Trial method)
. (i) can be written as (A—2)(A* =54 +‘mv =0
= A=2,2,3
So-characteristic roots of A are 2,2, 3
To find characteristic vector of A associated to A =2
x|
Putiing A = 2 in (\I - A) X = O where X = | y | is characteristic vector of A associated

z

to characteristic root 2.
-1 -10 S5|x 0
=12 5 4ly|=l0
-3 -5 5|z 0
Operate R, — R, +2R, R, = R, 3R,
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B-112 ) Characteristic Roois & Characteristic Vectors ofa :

Since there is one L.I. characteristic vector associated to characteristic root A
the geometric multiplicity of A = 3 is one. Also A = 3 is a root. of characterist
with multiplicity 1

so algebraic multiplicity of . =3 is 1.

= Geometric multiplicity = Algebraic Multiplicity (i}

Combining (i) & (ii), Geometric Muitiplicity < Algebraic Multiplicity
Hence result is verified.

.”wv SO 2.5
1c ODGNEOﬁ

Shoew that any twe vectors corresponding to two distinct characteristic roots of ,
> mmﬂ:m,:ms matrix are orthegonal. . (September 2009, April 2009)
Sol. Let X, X, be two characteristic vectors corresponding to two distinct characterigti,
roots A,,A, of a Hermitian matrix A. .
Then AX, =1 X, §))
and AX, =)\, X, . )

** A is Hermitian.. A,,A, are real.
Now MXIX =X (0 X))

= X7 (4X,) [by (1]
HANN*%\A%vMﬁ _H \AQH\A‘._
H?Cmuvm X,

=(1,X,) X, [by (2)]
HMN\K\W\M\H

=0, X7 X, [*oA, is reai]

s vj\ﬁﬁm_ Hv(u.\vmw\&m
= 9_ 1y.~v\4.w\ﬁ =0

But A —A, #0
X)X =0
= X, ahd X; are orthogonal.
5. ind all the eigen values and a basis of each cigen space of matrix:
v 12 3 .
A={0 4 6] IsaA diagonalizable? Give reasons, {April 2009)
0 4 mlm
12 3]
Sel. A=10 4 ¢
0 4 @.__

The eigen values of A are the values of £ such that

cteristic Roots & Characteristic Vectors of-a Matrix

o2 =3
= (1-1)|0 (t-4) -6 |=0
o 4 ?»3
(t-4) -6 |_
= (t-1) 4 (-9) =0

D)[(t-4)(¢-9)-24]=0
D[ -13+12]=0
D(t-1)(t-12)=0

or (1-1)(:-12)=0

=t=1,1,12. ‘

= (1~
= (t-
= (t-

Expand by C,

Thus, £ =1, 12 are the two distinct eigen Am_cnm of A.

To find basis of eigen space of 7= 1:
Putting t=1in(tI-A)X=0

X

where X = | y | is the eigen vector of A associated to eigen value £ =1

zZ
0 -2 =31x] [o0]
L0 =3 =6|yi= o%
0 -4 -8jiz] |0
0 =2 =3x] [0
=10 -3 =6|y|=|0
0 0 -2fz] [0

s wehave —2y—3z=0,-3y-6z=0,-2z=

Operate R, =R, —2R

= y=0, z=0 and x can have any non-zero value

ﬁﬁvouovw is basis om,mwmms space oftr=1

~ To find basis of eigen space of 1=12:

Putting = 12in (1 1-A) X =0

A

where X = | y | is cigen vector of A associated to eigen value t = 12.

z

I
0
i
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Sol.

Sol.

1

NOTION OF PROBABILITY

A bag contains 5 balls. Two balls are drawn and found to be red. What is the
probability of all the balls being red? : (September Nﬁwv
After knowing the colour of the two balls, it is clear that the bag may contain 2, 3, 4 or 5
red balls. . . : :

= n(S)=4 .
If A is the event that the bag contains S red balls, the required probability is
1

For any n events E ,E, e, E, in a sample space, show that:

PlUE |=YP(E)- 3 P(EE)+ 3 P(E,nE,nE,)

=t i#f i#jek
1<i,jsn uuv,.k..\.,wm= .
vt (<1} P(E, N E, O oo 0 E, ).« {April 2013)

We shall prove the result by induction onn for n=2, we have
P(EUE,)=P(E)+P(E,)~P(ENE,)
which is always true

.. the result holds forn=2
Let the result holds forn=r

ie. P{UE, |=Y P(E)- Y. P(ENE)+ ¥ P(ENENE,)

=l

MM\ j<r MMNW\,»M\
T +(=1)" P(E, N Ey.... NE,)

is true
We shall now show that result is also true forn=r + |
Consider
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Notion of Proba

2 P(E)P(A|E)
i=]
Hence proved.
4 If E,Ej.....,E, aren event : y
W E, . events, prove that P Dm, VWU%AMLI?I_‘V,
Sol. (i) For any two events E,,E (e o

P(E, Cm‘wvnwﬁmﬂvuﬁwﬁglwmﬁ NE,)
= P(E mevn\umm_v.rwﬁmwvl\ih UE,)
By axiom (1) of probability

P(E)<1 = —-P(E)2-1

and in particular INAN UE,)2-1

= [ P(E)+P(E,)-P(ENE,)]2-1

= P(E NE,)2P(E)+P(E,)~1

=> The result is true for n=2
Let us suppose that the result is true for # = r

i, %wmmwwmw@%fc

Now considern=1+ |

w?@uw ?_m NE,, ww?ﬁ +P(E,,)-1

) /E
wMim_.vlbfdjTim,.zVL [Using (3)]
HMESI?,TT:

i, AD&NME&#

= the result is true for n=r+1

Thus by mathematical induction the result is true Ve N.

M

@

[Using (2)]

otion of Probability ~

N

5.

Sol.

Sol.

A and B will throw dice for a prize which is to be won by the player who first
throws 6. If A throws the first, what are their respective expectations?
(September 2011)
Let the prize amount be Rs X
Game is to be won by the player who first throws 6
1

= probability of success =p nm

5
Probability of failure =¢ = 3

P(A és@nlimm\mliwf:xv =p+q'p+qg‘pt—————-
1

p 6 _136_6

-4 ;. 25 6’11 11

P(B wins) = P( 4B + ABAB + ABABAB +~-—-)

=qp+q’ptq’pro———==
El
ap _ 36 _536_5

-4 ;.25 3611 1
36

6
= Expectation of 4 Hmk,

: S
Expectation of B nm X

Ratios of expectation of A: B=6:3

A bowl contains 10 chips, of which 8 are marked $2 each and 2 are marked $5
each. Let a person choose -at random and without replacement 3 chips from the
bowl. If the person is to receive the sum of the resulting amount, find his
expectations. . (September 2011)
A person chooses 3 chips from the bowl. Hence the possible amount in 3 draws would
be2+2+2=6or2+2+5=9%0r2+5+5=12
Amount of $6 is possible in one way = (2, 2, 2)
Amount of $9 is possible in three way = (2, 2, 5), (2,5, 2), (5, 2, 2}
Amount of $12 is possible in three ways = (2, 5, 5), (5, 2, 5), (5, 5, 2)
= Expected Amount

8N 7Y 6\ . o (8 7)2 w?qxw,wqg
=6l — ==t —=l=-lI=1H—=l=-l<]|t—lcis

10 A9 /\8 hwoom Snowfovo 8))
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C-10 “Notion of Probabjj

—ollity

= Required probability is

%Am_v+~UAm.wv+llll+wAM=iv

P(E,) =P [consecutive heads in first m tosses and head or tail in the rest]
M m

2

P(E,)=P [tail in the (r IC; trial followed by m consecutive heads and head or taj]
in the rest]
(1Y

=l -l = r=23————— n+l
202

1
NE

Required Probability =

+Ni

11. A girl throws a die. If she gets 5 or 6, she tosses a coin three times and notes the
number of heads. If she gets 1, 2, 3 or 4, she tosses a coin once and notes whether a

head or tail is obtained. If she obtained exactly one head, what is the probability
that she threw 1, 2, 3 or 4 with the die?

(April 2009)
Sol. Let A be the event of getting 5 or 6 and B the event of getting 1, 2, 3 or 4 when a die is
" thrown.
. 4
P(A4) 2.0 e hoﬁwvn!um
6 3 6 3

Let H represents the event of getting a head when a coin is tossed.
When a coin is tossed thrice the conditional probability of getting a head
1Y 3
P(H|A)="C,p". EHWQT ? ==
(H[4)="Cp'q 12)3) =3
When a coin is tossed once the conditional probability of getting a head
1
=P(H|B)=—
(H]8) 2
.. total probability of getting a head is
P(H)=P(4).P(H|A)+P(B).P(H|B)
13 21 1 1 11
St E— =
38 32 8 3 24
- the probability that a head comes when 1, 2, 3 or 4 come on the die.

21
P(B). 3 1.2
“E” w N “WXIHW“W.\?UJ
P(H) 131 n
24

1.

Sol.

SKEWNESS AND KURTOSIS

Find the first four moments:

(i) about the origin
(ii) about mean.
For a random variable X having p.d.f.
3
\ARVHMKANIHY 0<x<2
Is the distribution symmetrical about the mean?

b
(i) 1, (about the origin) = .T_. f(x)dx

12
3%, 0 v, 312 X
=2 f(2x? =X dx =2 T - =
fﬁx IEEUT T
r 73 1
nwﬁvmllmm = x16x-—=1
413 4l 4 12

2 4 s°
Hw.ﬁmwaﬂlﬂv&auwﬂwy‘ !M@
43 4L 4 3 .r
I IR
4 5| 4 20 5
NN
1t; (about the origin) = HM T.« (2-x)dx
0

{September 2013)
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Skewpess and Xc:omm

o 3 [ o’ =i, |
(a)?
_ (i) Coefficient of kurtosis
e 15 .. 4
O R

Sol.

Find coefficient of (i) w_@zramm (ii) Kurtosis for the wc_mwo__ distribution.

Oomwmnwoa of skewness = m@

Coefficient of Kurtosis = le

For Poisson distribution
Mean = <m1m:oo =

=(A+1) =0 =)
S (04302 1) =30 (A +1)-20 =

W, = F
tm = tw\ - M.T..N\tm + Nt(_\w

“t#\ ‘&}\:—\ +mpN\F\N ‘wtw\&
=(Af 60 TN £ )+ 43 +3N +})
4602 (12 +h)=3h = 3+

Coefficient 0m skewness = m.u. = ‘Ml =
272 /\l
Coefficient of Kurtosis = mbi 3= 3 w M 3= L]
s A A

Let first, second and third moments of a random <m:m2m about point 7 be3, 11
and 15 respectively. Find mean and then first, second and third moments about

mean. ;
Given = E(X-7)=3 S )
W, =E(X =7y =11 , | @

=E(X~7 7y =15 @)
From (1) E(X)~ -E(7)=3

S E(X)-7=3

(September 2011)

Qﬁ:ﬁ 2013y

y=E(X-10) =E(X°) ~30E(X?)+300E(X

ess.and Kurtosis:

C-15

Mean = 10
From () E(X*)-14E(X)+E(49)=11

=>E(X)=10 =

= E(X*)-140+49 =11

Uﬁ%vnsw

From (3) m?ﬁ*ﬁm? )+147E(X)~ m@@
Um@& Bcosiﬁcs -343=15
Um?wvuéc

Moments about mean

. = E(X ~10)= E(X)~E(10) =10-10=0

w, = E(X —10) = E(X?}=20E(X)+E(100)
—102-20(10) +100

=2

~ E(1000)
=1030-30(102) + 300(10)~ 1000

=-30

Find the measures of skewness and kurtosis of the Poisson distribution with mean

T .
S
We know, , | (September 2011)
Coefficient of skewness = mﬂ
P
Coefficient of Kurtosis = muul -3
o

M.G.F. of poisson distribution with mean (L is given by M, ()= e

d
“NM »\K,k va-no “t.

K
N &NN _g ANV“ lt.m +u

u &wrx (1)), =1 +30° +n
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.18 c-19
w _\o&u
. e 1
c; x 2
_o&+.?&u|a A
= 2 . ° . ,
)= 2 4 4]_8 o -
X e b —
?&J%&i‘ S)di=-Ta2x-1 1Sx<2 : nT L s
- : ’ s (ii) Let M be the median
0dt+ |tdr+ |(2— Zf =1 x22 " - 1
L.". b. “. N_. W = _.\C&m_xu ?Akv&xnm
(iif) P(0.8< X <0.6a)=P(08< X <1.2) o , . " " .
12 1 . C . . = ATQCIHNVRHHI
H‘TA Ydx= T&«+.qw x) 2
08 X . ‘ vl ;
- 12) . = THNI‘«Jo =2 o
X X s
=} — + N.x.ll - . 1
2 2 = 2MP-M*=—= ’
o . _ 2
u» 2(1.2) lgilw.fw : C , = 2M*—4M* +1=0
L2 2 2 , = Nhifﬁiivnuno

=[0.5- 0.32) 4[24~ 722 +0.5]

= 2(Mm? 1) =1

=0.36
/ 1
_ M2 -1=t—
2. Define Moment generating function of a random variable = MTol=s 2
Awmugacmw 2013) 1
Sel. (i) Moment Generating function of 2 SsmoB variate X (about origin) is given by = MP=1% N3 .
ﬁﬂ ...m: ?vw? for continuous random varigble X o But 0<x<1 = 0<M<] .
My (t)=E(e")=4= o ok . )
5 Maalk =x), for discrete random vairable X : : = M =1- ﬂ
3. The probability density function of a random variable is given by Or M= Ti_; =0.5412
, | V2
4x(1-+") 0gx<1 : :
f(x)= _ find: . (3ii) Mode
0 otherwise Mode is the value where f(x) is maximum
(i) Mean (ii) Mode (iii)  Median of x. : = f(x)=
(April 2013) . .
= 4-12x" =0 ' : ,
Sol. (i) Mean = _..«\ (x)dx i
2

oo : ; = X = . ,m N
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C-22

Random Varigy,

Sol.

(i) LimF(x)=0

X—y—oo

(i) LimF(x)=1

X=ea

Property VIL. F(x) is continuous from the right

T.m; W%ﬁ? +5nm‘?vwo;z AHL .
Let X be a continuous random variable with p.d.f. given by
kx ; 0<x<1
k ; 1€x<2
—kx+3k 5 2<x<3

0 s elsewhere

f(x)=

(i) Determine k .
(ii) Determine f(x), the cumulative distribution function.

(i) f(x) will be a prob. density function if

£(x)=20, which is true for all givens values of xand k20

And .ﬁ\?v%ny

= qo% ﬂ?&x + w?% + M:LQ +3k)dx+ x?&nn 1
¢ 1 2 3

oo

2| 2 3
= B +£_~+ |.>.u“|+wﬁ. =1
2, 2 ,

= MJL,.GLT Efmw ~(6k—2k)=1

= M\m+m|§.n
2 2

= k=1 = k=t
2
(ii) For —o<x< {;
F{x)= ._.o.%no

For0sx<1;

2
X

4] x
Fx)= [0dr+ [Lar="
(x) .M ‘+m~.w: 1

(September 2010

_
T 2riabley

dom Variables Cc-23
——

For1<x<2;

Todes [Ld w{
V= [0.dt+ [~di+ [~at
F{x) M t %w 1

=2 b =t ==
4l 2, 42 22 4 4
For2<x<3,
F(x)= o_.o %LM&M?&L‘ 1M+w dt
A AT TR T 2 2)
2 2
Hv..~|+ ﬂl.ﬂl + - +mw|um|N H.lHl.TM!uM\:MI
4 2]\ 4 "2 4 2 4

For 3 £ x <eo,
0 i ¢ 2 1 3 ¢ 3 x
F(x)= [0dt+ [Sdr+ [Sar+ RII+IW¢+ fo.ar
—a 0 2 MN 2 2 2 3

HMLTH + |N+N+Tw =]
4 2 4 2

Hence, the distribution function F(x) is given by

0, for —eo<x <0
2
W.“ for 0<x<1
4
F(x)= ﬁu “fori<x<?2
4
Hwh|.‘+WVM|MV for2<x<3
4 2 4 .
1, for 3< x <o,

(iii) The probability that X is larger than 1.5 is given by:

P(X>15)=1-P(X<15)

~1-F(L5)
AR
4 2 .
Also the probability that X is not larger than 1.5
2(L.5)-1 1
_p(x<rsy 2L
4 2

Hence, out of the three numbers x,,x, and x;, the probability that exactly one is larger

than 1.5 is:




0z(x}/ O
ARY ISINU 9M “uonouny ANsusp e aq o1 (x) / 10§ ‘uouluyop Ag (8) jog

(6007 11dv) ¥ }0 UOIduUnj UCNRQLIISIP 31} puid (11

£
15X 5+ |d pud (W
© 48, JUBISUOD 9Y) JO dNJBA dY) puly (1)
I+.X

OOVHVoolﬁlmel”ARv\

uonsuny Aisusp Aupqeqeld oy3 sey X 9jqRIIBA WOPURL Y O]

“¥ 9[QBLIEA WUOPUEL JO UONROUN]
S : ve
uonnqusp st (x)%7 pue uogouny uUOBRQLUSIP ‘qoid Si chWclmzﬂn?vx\

2

vy -
1=wp—] =xp(x)/] (ppue

x Jo senfea uoAld 103 ‘0z (x) /(1)
suol1puod au seysues (x)
X RNV

kﬂn?v\

S1 ¥ 9]qeLIBA IOPUEL JO uonoury uonnquysicy ‘qoxd ayy (i)
"X 2[qRLEA WOPUEL B JO UOLOUIY UOHNGHISIP

g
uWXWul.S\ﬁ.HARV

oy} sjuesaxdar (x) %7 oouel -uonnquysip sane[EmMO jo sorpedoid saysnes ()%

1= {e0) % 0= (00—} %t puv
SNONUIU0D YJLI pue SUISBIIOIP-UOU S] ?v Y1 @
oo V.R > co— pug 90rds ojdwes 2y} st § o19UM
[xs@)x:s20}d=(xsx)d=(x)d
Aq X [291 {[B 10] POULSP SI X J[qBLIZA WIOpURI €
10§ “UOHOUNY UONNQLISIP 9y} AJOLIG JO ‘UONOUN] UOTNGLISIP OANE[NWNG oy ] uontuga 105
(6007 Pquiydas)

P<XE 1
Y

HOIPOUNJ UONNGLUSIP BSI 9S XS - & T+ 7 = A»\v\ 1y AJIRA
D—->X% 0

"SlYELIBA WIOPUR STONULIUOD B JO HOIIdUN] HOINGLISIP 33 suldd

T
SZ-0 sojqeLeA WoP

£
7 < (x)1 et yons x yo onfea 1s9[jeWUS 12919 SI 31 UOKOUNY UOBNQLESI W01 (111)
4
I st 7> (x) vews yons x jo onjea 15981e] 18310 $1 11 UOUOUNY LOHNQLASIP WOL
£ s
1 ! Loz
(4 I 0 X
3PD
I

¢ 4 L 4

C [ 0 X
Jug ()

. ¢
a[qrssod 30u st yoM [ < ()d odyeuw [1M 7 pue | = 0 950899q 1= =
0=(1-2¢)(z-2)(1-2)
0=7~26+,901— ,9¢
==+ 961~ 2% + ¢
1=(0)d+{1)d +(0)d
: spuyor (1 108

(0107 padw) *X 30 WOIDUN UDRIRYLISIP
Y3 sajouep (x) 4 euoy ° M <(x)4 183 yous x jo onfeA Jsoppws oy pury ()
.;Mv (x) 7 yeus yans x Jo onjea 3598ue] 213 puy (i

*7 JO onyeA 9y} ounide( (1)

g<o

PWos oy ¢ y-og=(g)d pue 01-2p=(1)d 2 c=(0)d ospy - z'I"9=x juod
W 3% 1dodxe ouoz SI X 9]qBLIEA WODPURI 313.1981p ® JO uonouny ssew Appqeqosd syl-g

8Ty
mnﬂLC 1)
(%) (2)d (2)d + (%) () (%) +( %) () (%)a
,w/wg, Wwopuey vZo




“Random Variableg random Variables

which is true for m: valuesof xand @20 .. :

200 4
=—.tan
P , U ; aﬁ Lﬂ&
and (ii) ?3&& , : ‘ o /\u
LT e e ; -2 (- [
ie. .ﬁ w&x HQ?EL LWM#W!mﬁmﬂmin_v ‘ . Ry T N
1at+ ‘ | | | lmﬁﬁm L
= ar=1 . . . m\4 6/ 6 ; .
PO . _ - L _ (¢) The distribution finction correspondirig 1o the density fiinction is-
: ¥4 . : . x X ’ e
. . : : ; 1 du
(b) The Prob. distribution function is ’ R : - m,?vn‘q [ ,A,S&,»nm %wﬁ; ;
.u. . —0 - et
”!.Il\.l“v'OOA AOO r — X
: f(x) ixpiv x H‘H.Sz Yu H—
: o ' ) AN e |
S S ! ‘
; =< <1 2t e S tan T s
ZO,& ;,w X <], | la_uﬁms x—tan A vu_
Then X*<1=>|X|<1 T J
=—ffan" x+-—
= -I<Xst , @ SR . _ T 2
And X? Nw : , . - , = hﬁxvnw.mwﬁ,m:-_ X,
oA : (& v 2m
T3
= N.v,lwl orX .A.llw| | | .AB
RE 3
- Combining (1) and (2)
%mkb or Lmkmx%

Thus, the required probability is -

P wmk&m&uw z\w_m.,vmmw?f or: JHMNMIKM
3 3 | , 3

, , 3
=p %mxmy +P LMNMU%.

T x~+~+m 2l
,ﬁx, -1 %

Hw& #-aw%

2 w dx
q.ﬂ/\xx.x..mu*.u
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. Random Variables . C-31

C-30 Discrete Random <m,,:m§m. ot
/ ” )
31 Consider the incomplete gamma integral;
4.  The m.g.f. of binomial variate about origin was found to be ~+—¢"| , fing; 1
o . 4 4 ) _ 2 {e s dr; (x is a positive integer)
(i) Mean, S.D. and Coefficient of Variation kg
(ii) Mode i w - x
—g 1 —t x—1 A
i) Fi = I e T dt =+ 2
(iii) Find P(X N.v. (September NSNV SRR ?15_;% o x-1 )]
Sol. Weknowif X ~B ;@ p), then its moment generating function is Whichisare duction formula for 7, .
M (1) HAQ *pe v Repeated applications of (2) gives
(3 1Y 31 e e e
Comparing with ﬁtjrlmN Lg=—,p=—,n=8§ = + +ot +1
pame W 4, 1T9PTy L= =) T
(i) Thus, Mean = %nmxwu 2,
. 1.3 3
Variance =npg =8X—X—=—
& 4 4 2
_ 3 ._
Sh= <m : , : =P(X=0)+X=1D+..... P(X=x) [From (1)]
3 =P (X <x)=Fx) .
D\ 2 where F is the distribution function of Variable X.
and Coefficient of variation = @!ﬁ =1L = 612 L= T
ean 2 = F(x)=— TL}& 22 e .T-.N.«&
) . 3 ..3._27 o x!3 T(x+1);
(i) The mode is given by (n+1)p= Aw+5xM = oxM = 6.75 which is not an
integer. , L . . .
A communication system consists of n components, each of which functions
. The only Mode = Integer part of (n+1)p=6 independently with probability p. The total system will be able to operate
- Mode =6 effectively if at least one-half of its components function. For what value of p is a
5 5-component system more likely to operate effectively than a 3-component system?
—9) =t 2,6 ,
i) P{X=2)=" Cop'g ,; _ (April 2012)
S M/_N 3 ¢ ~03115 . Sol. Let X denotes number of o.o:%o:ga ﬁo&:m.omwoaéq in n-component system.
44 - . So 5-component system will operate effective if X23
and in 3-component system X 22
5. If X has a Poisson distribution with parameter A, show that the distribution We need S-component system to operate effectively more likely than 3-component
function of X is given by system .
I B P(X23)>P(X22
F(x) =TT T Fdt,x=0,1, 250000, (September 2012) : ( )> P )
(x+1){ , (5-component) (3-component)
Sol. IfXisa Huoamww(wm:mﬁﬁ then w_ MPESN S C,p'g 43 O%M 53 O%th Q.%u
€ . : 2
P =x)=—mix =012 M = 10p{1-p)’ +5p*(1-p)+p’ >3(1-p)+p
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4 4
: St fo= (Ml)— Ui = oouBLRA
bd = sourLIB A AN RN A .
d = ueopy v o4 4 7Ty .
: pp= ="
pd+b=(1)"m  osty e B )
d b (x)d d o= w1 T p
—= (h-1)bd = b—1)d—|= | ———1I=H
1 0 x 5= (P-1) [er=1) 3 (1) mp |
SjeLIBA WOpURY I[[noulag s1 X udl} A[9Anoadsal b1
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C-34 : Discrete Random <m1.mm_mm
P(SSFSFF ===~ FSF)=P(S)P(S)P(F)P(S)P(F)P(F)
——=P(F)P(S)P(F)
= ppqpqq ———4prq
=(pp=—=—- p)(ag~===a)=p'a""

k factors (n—k) factors
But k successes in n trials can occur in " C, ways.

Hence P(X =k)=" c.riqgt

11. Show that ina Poisson distribution with unit mean, mean deviation about mean g

2 times the standard mmiw:o:. (September 2010)

e
Sol. Here, we are given A =1
e el e

= = = —_ X = N.:.
P(X=x)= . S ;x=0,1,2,
Mean deviation about mean 1 is
E(x =1 =2 lx=1p(x)
x=0
o d Tl;
= x!
nmL@LwFLﬁWer..T ......
21 31 41
We have
n IA:.TCIHl‘.M!l 1
?i%l (n+1)! Tl (n+1)!
. Mean deviation about mean
P EARGEEANGUIAN .
=e |1+ _tm._ + YL + TR
2
= (1+1)==x1
o (141)=2
2 ..
=2 x gtandard deviation,
e

Since for the poisson distribution

Variance = Mean = A = 1 (given).

Discrete Random Variables C-35
bbb

12. If a random variable X follows binomial distribution with parameters n and p,

1 "
Eoé%mnﬁxmmoé:vn MT .+ QIE H_

(April 2010)
mo_,. We know
(9+p) =["Coq" + Cg" p+" g p* +—=+"C,gp™ +7 C,p" |
(g-p) =["Ca"+ Cg™ (=p)+" Cog (=)' +== +"Crug(-p)" + C,(-p)’]
Adding the equations- .

[+ p) +(g-p) |=2["Ca"+ Ca >+ Cug™™ p* +~-]
= Nﬁxmuc@x +: QN%N@\TN +: Q»ﬁ»@:la +||.'H—
Let X be binomial variate with parameter n and p

Weknow P(X =r)="Cp'q"”

From above
[P(x=0)+P(X=2)+ Eu?l:;nw?év: “(g-p)']
P(X H@m:vHWT;TQIEQ Q+%HH.

13. Let X and Y be two independent Poisson Variates. Show that X + Y is also a
Poisson Variate. Does the result hold if X and Y are correlated? Justify your
answer. v (April 2010)

Sol. Let X and Y be two independent Poisson Variates X ~ P(A,} and ¥ ~ P(A,)
My (1) =M ()M, ()

_ my_?.x_vwf?ﬁ;

= w? (e 1)

which is nww moment generating function of a Poisson variate with parameter A, + A,
= X+Y~P(A+1,) - |

Also if V and Y are correlated

L E(X+Y)=E(X)+E(Y)=X +1,

var(X +Y) =var X +var¥ +2cov( X, M\v.v
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Discrete Random Variapjeg

= reTm ,
= x—mi{x—m — R e—

5 (x=m)(x-m) < |
nMxAxlzﬂv e"m léw?xsv*mﬂml ; i = Ty

x=0 X x=0 - < ; ; . . : :

S : CONTINUOUS RANDOM VARIABLES
HM —ant, Put y=x-1 : o . o

x=0 HlH e ; : 5 CHI L L o ; : 5

g C\lsl:v.w m-sE...i . o . e o) .

nMo I mLo ; b 1. Define : o

’ o i . BEIOr : Rectangular random variable (September 2013)
S (- m L1 P =y)-mu, . . : ~ Sol. Rectangular Random Variable: A random variable X is said to be a continuous

»=0 N ; . ,  rectangular random variable over interval (a,b) if its p.d.f is given by:
= Pt [ -2 ) - g
HEMT%!:&. + C{y—m) LG (y—m) T A o . (1  a<x<b
y= o \ Akv ={b~a
...... + C (y—m)+ me\IEVJwC\ =y)—my, - : o E 0,  otherwise
nET& + G, ST O%ngr . | 2. 'If X and 'Y are independent gamma variates, mroéﬂ-& X + ¥ and wmluml are
{ : r : “ . L + M\

SR = Gl Gl e Co) : e  independently distributed, o : (September 2013)

| , , ‘ ‘ . Sol. Since Xisa 5 variate and Y is 2 ¥(v) variate, we have
_ 1 v o
Sofix)de= e xtldx; 0<x<oo, >0
C(y)dy = Yy ldy; 0<y <o v> 0.
f(v)dy MG

Since X and Y are independently distributed, their joint probability differential is given
by the compound probability theorem as known below:

dF (x,y) = fi(x) /> (y) dxdy

= gy

X

Now u=x+y,z= vmomgn.MH:NQH:I\«H:QINV
. Xk e S ,

The Jacobian of the transformation J is given by:
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Continuous Random Variables

ca2 . bles
5. Provethat f(x)= 1 m-%ﬁl& is p.d.f. ﬂmmn*macﬁ. 2012)
. o2z
1 uwhwhm% )
Sol. Toshow f(x)= et/ ispdf

O~N2T

We need to show .ﬁ\?&&x =1

- 2
. 1 1 Py
Consid e? dx
Onsiaer O./\MLM G
put 2P =2
o
X=1+0z
dx=0dz
| 7=
- —— |e 2 odz
i
1 7=
= |e?dz
M:M :
”l‘NlI NlMl&N
27 5
2
wEmMu»UNNHB(
z=2VA
&NH/\M,.IWIN;

Continuous Random Variables

. 1 A
Hence given f(x)= q/\Mnm isap.df
Define a Normal random variable, Write the main properties of the normal
distribution and normal probability curve. (April 2012)
(a) Definition: A random variable X is said to be a normal random variable with
parameter {1 (called ‘mean’) and o° (called ‘variance’) if its probability density
function is given by the law:

1 [ oafx-uY]
T O e T
fsio) ov2n 1o w

1 —{x=p)

or \,Akwt“av”am 26°

—o0 < X < o0, —00 < |1 <00, > 0.
When a random variable is normally distributed with mean y and standard deviation o,
it is customary to. write that X is distributed as N AF Qwv and is expressed by

NzZAFQNV.

Chief Characteristics of the Normal Distribution and Normal Probability Curve:
The normal probability curve with mean U and standard deviation © is given by the
equation:

‘ 1 (1)
flx)=——e ¥ ,—eo<i<o

and has the following properties:
(i) The curve is bell-shaped and symmetrical about the line x = L. .
(i) Mean, Median and Mode of the distribution coincide and are cach equal to (L.

(iii) As x increases numerically, f AL decreases rapidly, the maximum probability
occurring at the point x =, and is given by:
1
.
P(x) | ==
h A v||_~>Dux Q./\‘Nllﬂm
(iv)B, =0 and B, =3 ,

My =0,(r=0,1,2,.....) and ,, =135...(2r-1)c”,(r=0,1,2,......)

(vi) Since \?v being the probability, can never be negative, no portion of the curve
lies below the x-axis.
(vii) Linear combination of independent normal variates is also a normal variate.

(viii) x-axis is an asymptote to the curve.
(ix) The points of inflexion of the curve are:
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Continuous Random Variape,

Sol.

10.

Sol.

—S

If families are selected randomly in a certain thickly populated area and theiy

monthly income in excess of Rs. 4000 is treated as exponential random variabje

1 . :
with parameter 5000 find the probability that 3 out of 4 families selected haye
income in excess of Rs. 5000. (September 2011)
! |
N=he™ = 2000 x>0
f(x)=he Nooom x

+ is the number of persons whose annual income is in excess of 4000
x=5000—4000=1000 :
T o1
P(x>1000)=
(x>1000)= | 7555

1000
1

muw?vﬂooovnﬂ\\n
e

= ~ 1
22900 Jx = ¢ 2 Hz\\
e

i
=P(x<1000)=1-—
q ? v /\M

w.«og,c:.@ that 3 out of 4 have income in excess of Rs 5000

(0 sy 4(Ve-)

Je ¢

A doctor recommends a patient to go on a particular diet for two weeks and there
is equal likelihood for the patient to lose his weight between 2 kg and 4 kg. What is
t the patient is expected to loose on this diet?

= quwa = »f.ﬂ\.\.mn

the average amoun
(April 2011)

Let X be the random variable defining the weight that the patient will loose on this
particular diet. This random variable follows uniform distribution with p.d.f. as follows:

1
— ; 2%xs4
S(¥)=12
0 ; otherwise
We know for uniform distribution expectation is given by
b+a
Y=
B(X)="5
Herea=2,b=4
. average amount the patient is expected to ioose on this diet is
4472
— =3kgs .

ptinuous Random Variables

C-47

pefine Exponential random variables. .
Exponential Random Variable:
A random variable X is said to follow exponential distributi i
! ion with
and its p.d.f. is given by perameter & 0= 0)

(April 2011)

e x>0
f(x)= . _
0 ; otherwise .
A
Also M {t)=——
(0=
Mean = H
A
. 1
Variance = —
v,.n

1. Write a short note on Gamma random variable (April 2011)

Sol. Gamma Random Variable: A random variable X is said to be a gamma random

variable with parameter A> 0, if its p.d.f. is given by

NJn.Hy.L
7(x)= ICl,.ll ; A>0, 0<x<oo
0 ; otherwise
Also &.«SH@M%_MH
Mean =L
Variance = A

Find the m.g.f. of Normal distribution and hence find its expectation and variance

o Sept
M.G.F. of normal distribution (about origin) is given by (September 2010)

My(1)= ,m..m;, leiwﬁmmv.&«

27 o

Put NI\N“N )
Q .

H.v.\«n_.:yQN

= dx=0dz

-

1 iy 2
v ._‘mztiuim ? o5dz

=M=

00
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Contintious Random Varia

f 16.

-y , MJ
X>e? |=1-P| X<e?¥ !

% L
TE& =1- T&l; 2

l\<\

Gy(y)=1-¢ "
p.d.f. of random variable Y is given by

a S .
mwvaHMvwﬁQwQ\vaMw 72 ; o.A%A@B

1

which is exponential distribution with parameter n

Show that for a normal distribution

(April 2010

.=(2r— Ctélq and |, , =0 where the symbols have their usual meaning,

Sol. Z.Q.m. (about mean) of Normal distribution is given by

WANARJ;W - NJ.:NNANB. v - wl.EgR AD

1o
M.G.F. (about mean) = =e¢? “

ot 1 %mN
4| — |+
2 AL N

The coefficient om — mZnu u,,the #* ¥ moment about mean.”

r!

Also there is no term with odd powers of t

= all moments of odd o&ﬂ. about mean vanishes
i Py, =0 ; n=0L2-——=-—=

= u,, = coefficient of -

_ 6" x{2n)!

T2l

_ mwzvmwz IJQN P ANEIMVW
= 2n N:l_ AEIHW_

17.

Sol.

,o:n:co:w,_wmaaoa.<wnmc_mm o R : . C-51

“ﬁwkiuvqn MT—Q:lNy
=(2n IJIN?NQN

Define a Gamma <m:m8. If X ‘and 'Y are independent DuEE» 4»:22 i_a.

X
parameter u m:a v respectively, show :z: +Y and ——— are also independent.

X+Y
. (April 2010)
Gamma distribution; - The centinuous random. variable X which is distributed

according to probability law:

e~ X»L

fo={

o oﬁagwmw

A>0, 0<x<eo

X is Gamma variate with parameter &= ‘
Since X and Y are independent Qm::dm variates with gBBQQm u w:m v respectively

h?v&nuiwl “xldx oAonou u>0

()
fily @lllw wi&\ 5 0<y<oo, v>0
S © |
Their _o:: probability differentiel is m:an by the oo::uoc:m Eog?:Q ﬁrmo‘g as

dF (x,y)=/, ?.Eé&%nmﬂ gl ydsdy

x
x+y

Let a=x+y b=

=.x=ab, y=a-— —ab= aG b)
Jacobian of transformation J is given by

9x )
mAHuv\vl mﬁ ,@Q = W 1-b

J= = =—
Aad) |x W o —al
ab db
As X and Y range form 0 to o

= aranges from 0 to o and b from 0 10 1
Hence joint distribution A and B is
dG(a,) = g (a,b)dadb = e

()(v)

“(ab) ™ (a(1 vi S dadb
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BIVARIATE RANDOM VARIABLES

!

Sol.

Define Joint probability density function of a pair of continuous random variables,
(September 2013)

The joint probability density function for the continuous BsaoB variables X and Y is
defined by
@ f(%y)2

o oo

(b) .q ....\?QV&H&\H_

—o —oo

If the joint density function of two random variables X and <.$ given by:

(2
F(x)= m?ib a:XxA_;CRM. (September 2013)

0 elsewhere

. R ﬂ
Ezmﬂrmno:a:mosﬁEm»:.»sa:a 8:&5:&<3.§=nmonx,m_<m=M\ nm .

2
2 c0<x<l, 0<y<t
Given f(x)= ?+ y) x Y
0 ; elsewhere
1 2
R \w\ %“INn ”unq.qowﬁ.y\‘*wv&
oy T 21 2(3
=2 gy =2 =4l = 2=l
3l 2 , 3L2 312
1
2 x(x+1)dx
1) 53 2
E\ X|Y==|= u.,.l».?iv&x
2 1 3
Hly==

pivariate Random Variables

C-55

. Conditional mean of X given Y = W is 3

Now conditional variance of X given Y is given by

V(X|7=y)= wk E(X|Y= QN_TL

o

1 | 1Y
X|Y==|=E[{X-E x|y=2)br=l
-2 2 2

Z(x+1) jdx

[,
b
|
E=AR%
W N

i}

Wit Wit wlw

Py °,__._'—P—~"‘ S
‘N

Ydx

J
=
|
O
N’
~
~—~
=
+
—

0x By
9 81

2 9
IW..:I@.TIM dx

9 81 8l

1

"

!
®

1

xw 65x" 25
162 81

65 25
lll.|¢|||.||.1+|.l.
ﬁ» 27162 mwg

13
um» ;w

-b!*

w||\) w]N w“\)

3. Let M(t,t,) be the moment generating function of two random variables X and

Y. Shwo that X and Y are independent iff: (September 2013, September 2011)

M(t, 1,)=M(1, 0)M(0, 1,).
Sol. Let X and Y be independent. Then
M AN_KNvaAm:kinﬂv MAN:\«N: v NAN:kva®:<v
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Bivariate Random Variableg

iate Random Variables

3 45 als
x)==—x for 0<x<1
fx(#)=3 [ Jexyacay=C || [xydy
oo 1 x=0 y=1 x=0| y=t
5, )= [£(xy)de= [(2-x-y)ax 0 P
- ° =C ._.m@l dx
RN * =0 2
= NH!MI|‘,Q .» =
_— - AWMT&&
)y = ;
2 " 2 7 4 4
=C [12xdx =60 =
\«C&HWI% for 0<y<l m~. 6Cx , 96C
(ii) Conditional p.d.f 96 C=1
.\. Xy lelv\v = Iul ’
.\.\S_\Akﬂkvﬂ A vHA 3 Hvﬁl@@
L) 2, . .
5 The joint density function using the value of C thus becomes
2(2-x-y) xy
= ,08x<1 = , 0O<x<4,1<y<s
G-2) = f(xy)=196 Y
. 7(xy) (2-x-y) 0 , Otherwise
\:\Lixvn A =3 . 2 3
% 2-x ) P(1<x<22<7<3)= | [Zdvdy
.«n:nnoa
(2-x-y) 3
- = x dx=—
962,50 Y 6 L2
7. The joint density function of two continuous random variables X and Y ist 1 %5x 5 (2 2 5
= — aﬂl&u«»”] .V.l = ——
4,1
f(xy)= » O<x<hley<s (September 2012) 96,7 2 192{ 2 ) 128
0, otherwise
. 4 2
(i) . Find the value of ¢ (© P(X23,7<2)= .ﬂ _’%\m&ﬂ%
(i) Find P(1<x<2,2< y<3) =3yl
ﬂ 4 2
iii) Find P x23,y<2). = X -
(iii) In A sy v omﬁh% ydy
Sol. (a) Since the total probability is equal to 1, i.e. ) R
- 1 ot
. -y = =— |—=— d
... %\?Qv&»ﬁly cmm_.u 2 *
thus we have _1 ﬁlx& - 7
963 2 128
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Bivariate Random Variableg

C-62 -
ks
1 1 5
Pl—<X <=NX,=7
e T ND R
- 5 5
PlX, <-NX,=—
_ MW: P8 )
N A\ Ix 5 2x, - 128x
NOwW 1 X —— = =
ow AIRTR )T sy 2s
8
¥ :
2128x, k
.ﬁ dx, .% dx,
1 1 5) 3 > :
= Pl —< X, <X, =7 =4 =4
4 A0 8 R g
_.. g dx, T_&x_
0 NM 0
2 _w W.I.HI
nT_ Fl 4 16] 3 64_12
= = A
Tgo\x 25 ] 1625 25
- 64
1
1 1 21
iv) Pl =< X, <= |= X, X, )dx,dx
(iv) 4 15y m“.o\ﬂﬂ Nv 24
. 3
1
2.1 -
= _. 10x,x, dx,dx,
io
4
1
=10 EMSEN M
s 3
2 y .
_10 wa L
214 1613
(202
15)13) 16
11. Write a short note on: (a) Joint distribution
(b) Correlation coefficient (April 2011)
Sol. (a)Joint distribution: Let (x, y) be a two dimensional random variable then their joint

distribution function is denoted by Fi, (x,¥)
Fo(x,y)=P(-eo< X Sx, —oo< Y < ¥)

iale Randem Variables

‘where  Cov(X,Y)= T X —

‘ m:vc.omm.. that the joint p.d.f. of two-dimensional random variable

C-63

Z% the properties
(i) for real numbers a,,b,, a, and b, :

(4 <X<bh, a,< Y <b))=Fy (biby )+ Fiy (a,a,) =Fy (a,b)=F, (Boa,)

1%

(i) F(—o0,y)=0=F(x,+e0)

Fi+o0,400) =1

mwm
dxdy

(iif} ﬁﬂ\ﬁk“u\v

3 Correlation. ncmas_co.: Correlation coefficient between two random a.mz,mz X
es:

and Y usually by »(X,Y)is a numerical measur
e of linear relat .
and is defined as ionship between 903

Cov(X,Y) o - .

r(X.,Y)=
OxOy

E(X))(Y-E(7))]
q.mumT E(X)) w
o, =E| (1-E(¥)) |

Also —1<7(X,Y)<

(X, Y) is given
(September 2010)

*+2 o<
flg)={X ¥ Isxeh o<y

0 mex\\mw.wm

Q::E:B @ wmk ku (i) wT\ ArkAww
« 2 , 2 2)

x* + = \dydx’
o




ISIMIGYI0 ¢

b»\m&m.’. H\QTTHVQQ = AQ Xy

A= A usAId X 3o uonduny
X u9AI3 X Jo uopouny A3isusp [euonipuod Y} puyy
249YM3S)2

0
{6107 12dv) S6
7Sdsxsy

Ayisuop jeuonipued puw x =

;.RW =(dx) [ 4q

udAIB SE (& °X) 9jqeLiea WOPHEL [RUOISUSUID OM] Y] JO UOLIUR] A)SUDp amof ay g

9wz~ (9~ v)

A+

Hm\w“\w\vk =

A+ NQHQANY.TN&M %NQ! %L =

g+ p= (xx)e( g rr—-ave- e+ 9+ v) =
((g+.2)z+(xx) NA%+ 7)=

(@e+1)(4 x)came+(qoe+1)( 9+ 7) &

(£ %)rqre+(9+7) g+ p
wr+{ax)4( g+ p) WTH

=

(£°x)1qoc+ g+ v _
(& x)4( g+ 2)+qvg
AL ongre + (1) mn ot (3 ) A (xx Joparg+ (1) ma g+ (x Jn )

4

e

0~ @+ 2,8+ 1x P+ v g
o L{49+ X) 24 ( 19+ xv).101]
a7+ x9)7 (49+ xv)a [ {40+ x9) 49+ xv) |7

(AP + X949+ xp)4
" MON

|\\

$9-0 'sajgele A wopuey ajeueN

og

3

T

(4°x)

a=*o¥o(ix={ix}g <
(ax)a={4"x)a0p pue
1=(5)mws= A.M\V.E\M puy

0=(z=(x)7 =

mﬁomc@/iowaﬁ PoZIDIZPUE]S Q¥ § PUB X 0UIS [0S
(0107 1qwe3das) A Pue X UIIMIIG UOHE[ILI0D JO JUSIDLI0D a1 ¢ (£x)4 puy
At A\wa+ XG°Xq+ XV)4 PUE SIGRLIEA WOLUTI DIZIPABPUYIS 248 § PUB X JT £l
grgt+l
- S— 55
19®1IR A UiopURY olELEAlg




15.

Sol.

Bivariate Random v .
3

Conditional density function of Y given X=x

3
fxy g 2
ﬁ:xc\_xvu ( vup 9 HQIVN ; xSys2
700 a4
Conditional density function of X givenY =y
mﬁ\
fxy 97 2x
x:% :\v \AAxuvHA ov = mlH > MMXMV\
¥ qu-!& y

The random variable X and Y have the joint distribution given by the probability
density function:

6(1-x—y) for x>0,y>0,x+y<1

f(xy)= (April 2010)

0 elsewhere

mxmsasa if X and Y are independent.

X

_h 6(1-x—y)dy

=

Tq;

=3(1-x)’
I-x

.qmé|alwv&\

0

l?x 3x’ Imé@u Y

Hwﬁlv\vw
= \iﬁkuwvﬂ\“«Axv\@C\.v

— X and Y are not independent

16

Sol

17.

®

(ii)

(i)
Sol.

C-67

Show that correlation coefficient is independent of change of origin and scale,

(April 2010)

k

X—a Y-b
FQQHI\NII, |Ml = X=a+hU, Y=b+iV
where a, b, h, k are constant, 2>0, >0.
We have changed the origin to (a, b) znd changed the scale by M wsa -
We will prove ANVSMAQL\V ,
X=a+hU and- Y=b+kV"
E(X)=a+hE(U) and E(V)=b+KE(V)
X—E(X)=h[U-E({U)] and Y-E(V)=k[V-E(V )]
= Sixénmfknm@z?;mgm
nm?ﬁqlﬂqf?lm?i
= hk mTQrESXTES&
=hk cov(U,V)
n%x‘m@vﬂnm?wEIESVNT%SN
= o, =ho,, h>0
Similarly ¢,® =k%c,’
=6, =k, k>0
PG cov(UV) _cov(UF) s )
GOy hko,0 6,0,
= r(X,Y)=r(UV) _

The joint probability density function of a two-dimensional random variable

.. ’ (2 s b<x<l, 0<ys
(x,y) is given by f(xy)= , HQMNHQWQMAH
. i

Find the marginal density functions of Xand Y

Find the conditional density function of Y, given X =
function of X, given Y =

Check the independence of X and Y.

(a) The marginal prob. distribution function of X is

fi(x)= TAHQV%H T&\umx for 0«x<l,
— 0

x and conditional density

(September 2009)
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ROOTS OF EQUATION

Using Newton Raphson method and by performing 4 iterations find a root of the
equation cosx=3x—1. : (September .
2013)

Let f(x)=cosx—3x+1

f/(x)==sinx+3
Since f(0)=1-0+1=2=+ve

,

and \bm =(.707 1.Mm +1=-0.649 = —ve

) b
. The root lies between 0 and M
T

Take the initial value x; HM

By Newton-Raphson method, ith iteration is
)
i+l i \\ Auﬁ. v

. The first approximation is

The second approximation is

/(%)

Xy =X TN

\\Ak_v

Roots of Equation , C o7t

[c0s(0.6104)~3x0.6104+1]

=0.6104— - =0.6071
-sin(0.6104)-3
The third approximation is
N CO)
f'(x)
[c0s(0.6071)~3x0.6071+1]
=0.6071~ ={0.6071

~5in(0.6071)~3
Since the second and third w@?ow:dmao:m are same
.. the required root is 0.6071 correct to four decimal places.

Find the order of convergence of Newton-Raphson’s method of solving a non linear

equation. (September 2013)
Newton Raphson iterative formula is

f(x)
X =% T
S'(x)
Let a be the root of the equation f(x)=0 and e, and e, are the errors ith and (i +1)
the iterations
Then x, —0t=¢, and x,, —0t=¢,,
Or x,=0+e and x,, =0+e,

Putting these values in (1), we obtain

o+e,, HQ+N|E
" L f(ote)
_ f(o+e)
7T f(o+e) @
Expanding /(0t+¢) and f’(0t+e ) by Taylor’s Theorem
\Aom+ﬁ.vH\AQV.TW..\(AQV+.MI\§AQ.V+ .....
=e ZQTM\;A& 3)

(" aisrootof f(x)=0.. f(a)=0 and e, is
Small neglecting higher order terms of e, )

and f'(a+e)=f(a)+ef (c)+..



O

(1)/ oouis
(2)f puv
¢+C— T.Av 0UIg

g+xg— x={x} /121 108
(1107 .smE@E@m ‘7107 wquaidss) "SUGIIBIIH AN10] cEESt@m £q poyvw
1sje vndey 4q [z ‘1] [Badelwy oy w g=¢+XS— X Jo 3004 {231 3 yndwod

> (@)
8=

O<I=¢+1-

4

LEEYT ST =T — X~
100-=2- (269'1)- [(Le691)=(LE69'T)/
(hLv0'0-)~1 () -(%)f

m.& J0 1001 20UsH

L§69'1= =
(00 e—(0)(59891) (%)= ()

uoneINL Al
o= =% emmusqng o> () /(%) S
pLr00-=2~ ($989'1)~ (5989'1)=(989'1) f

. (cvo-)- (™) -(=)f
$989°1= = =%
e @lse ) (=)
udijB.Laj} EHMH
o= lx W= v omygsqng o> Ar«v\ﬁkv\
two-=2— (1590~ (1259'1)=(1759'1).f

. (s180~)-7 (%) /=(%)f

1789°1= = ="

(or)e-(@sn) (COSx=() /%

OB 11
=l o= ompsqng > (%) S (%)
si80-=27~ (s1)- (s D)=(s1)/

I o A S P 0
()z=(eh () /=) S
t=t= (o)~ (e)=(%)/f

—=¢= (1) ()=(%)/

uoneIRlf I

”NR.

€L°D
uoyenbz jo sjoodd

T«H, iy
A v\ A ) = iy poyleN I8[e] B[RSy Suisn

7= =% OHNIN.&IMRH?V&
(croz 1dy) (‘) wrsepiey 9=7~— X~ %

uopenba oyl Jo 1001 B puUif 0} SUCLBIN ¥ iM poyew Isjed Binsoy fiddy

e

-90us310AU00 orrRIpenb B SBY POyIoW UOSYdRy-UOIMAN S9UIE]
“7 S1 90U9510AU0D JO JOPIO .

st 'z 0 xopulosul
7 st Looul

==

z )
Jou=""2 AR OM

SNUL ST SXYM Wl =

(suu1e} 19pIo 1ayS 1Y SI pUB ;2 Sunoo[3eN)

(uotsuedxa [erwwoutd A€) +

(0
[(0)./ L +(0)./ |o-[(P). S0+
[(0), o+ (0).s]

(0), £ 5+(0).f |5

108 am ‘() pue (g) “(g) woi

(0),fo+(0). /=

)./
L% Govz@ 5

1$2]

uogenby, 0 sjooy

[A58]




C-74

-, atleast one real root of f ?& =0 lies in the interval [1; 2]

1*titeration, Take x, =1, f(x,)=-1
5=2 f(x)=1 .
By Regula-Falsi method.
.«o\A.ﬁvlb\A\év

f(x)=f(x)
1x1-2%(-1) 3.1

1+1 2

£(1.5)=-1.125<0
since f(1.5)/(2)<0

. the root of f{x) lies between 1.5 and 2

Xy =

2™ jteration, Take x,=1.5, f (%) ==1.125

x =2 f(x)=1
{1.5)%1-2x(-1.125)

2T (F12s)

7(1.764759) = ~0.3279036 <0

Since £(1.764759) £(2) <0

-, the root of f[x)=0 lies between 1.76475¢ and 2

3™ iteration, Take x, =1.764759; f(x,)=-0.3279036

=1.764759

x =2, flx)=1

_{1.764759).1-2(-0.3279036)

- 1+0.3279036

1764759 +0.5558072 _ 24205662

- 1.327936 T 13279036

= 1.8228473 VLT

- £(1.8228478) = 6.056911459 ~9.114223¢+3

=6.056911459—6.1142239

X

=-0.05510631 <0

Since' f(1.8228478) f(2) <0
2 theroot of f(x)=0 lies between 1.8228478 and 2.

Roots of Equatign

pootsofEquation .. .. ...

4" iteration, Take x, =1.8228478, f(x,)=—0.05510931

5 =2, f(x)=1
(1.8228478)%1-2x(~0.05510931)
1+0.05510931

X, =
=1.8320978
Hence the required real root of f(x) =0 is 1.8320978

+

Using Secant method and five iterations, find a root of cosx = xe* upto four

decimal places.
Let f{x)=cosx—xe" =0

1 approximation: Starting with x, =0.5 and x, =1

- f(x,)=c0s0.5-0.5xe" = 00532

f(x)=cosl-1xe' =-2.1780

xc\?_vlk_\?ov

. )= 7 (o)

_ 0.5x({-2.1780)—1x0.0532 051 Hvo
~2.1780-0.0532 :

JF(x)=00s0.5119-0.5119%x*'* =0.0177

2% approximation: Since we take the last two approximations.

o x%=10, f(x)=-2.1780

- By secant method x, =

And x, =0.5119, f(x)=00177

_1%0.0177-0.5119%(~2.1780)
0.177~(~2.1780).

f(x,)=c0s0.5158-0.5158¢°"* =0.0058

%

=0.5158

3" approximation: Take x, =0.5119, \Axov =0.0177
x, =0.5158, f(x)=0.0058 |

- 0.5119%0.0058~0.5158x0.0177
-~ 0.0058-0.0177

X3

=0.5178

 f(%)=0080.5178—0.5178x %™ =0

-, After 3" approximations, the function f (x) becomes zero

(April 2012, April 2011)
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Cc-78 . - e e . : - Roots of mnc.mzoz

of Equation.
e - - . C-79

(0.68168)(1) —(1)(=0.0015517)

2™ iteration, Take x, = 0.5, f (%) =—0375
X = =0.68217
H_Hﬁ \,A\wv“~ 1+90.0015517
(0.5)(1) = (1)(=0375) - 1(0.68217)=—-0.000378 <0
I b AST I SPA it Y § .
X = 170375 0.636 | ~ since £(0.68217) f(1)<0
i £(0.636)=-0.1067< 0 . . -, the root lies between 0.68217 and 1
Since £(0.636)f(1)<0 | 7" iteration, Take x, =0.68217 f(x)=~0.000378
-, the root of f{x)=0 lies between 0.636 and 1 , x =1 \?V =1 : .
37 iteration, Take x, =0.636, f(%,)=-0.1067 . _(0.68217)(1) - (1)(-0.000378) _
0 0 , 2 =0.6822
, 1+0.000378 .
=L f .?v = . We observe that there is no change at first three decimal places in the last two iterations
0.636)(1)—(1)(-0.1067 . Hence the root is 0.682 correct to three decimal places. .
X, = =0.6711 p
? 1+0.1067 - , ,
- £(06711) ——0.02665<0 : g. Use Newton-Raphson’s method to find the root of the equation xsinx+cosx =0
. 06711 <0 . which is nearer x=7. (April 2010)
. <
ince f{ )7 gol. Wehave f{(x)=xsinx+cosx=0
. the root lics between 0.6711 and 1 ’ , ) .
4% iteration, Take x, = 0.6711, f (%) =—0.02665 S | o fi{x)=rcosxsinx—sinx=xcosx
. : : By Newton — Raphson’s Method
x =1 \Ax_vn_ : : )
0.6711)(1) = (1)(~0.02665 oo Sm) _ msing +oosy,
— — el n ) Ay T
ﬁuﬁ 611D)(1)=()(-0.02663) _, 706 f(x) X, 00S X,
1+0.02665 : , .
) . x cosx, —x,
7(0.6796)=-0.00652<0 = o CO8% T, T T
B X, COSX,
Sinc 0.6796) f (1) <0 . . ,
e f( )£ (1) . nxo~oomxo|aom5x018mxo 7l cosT-TsinT—cosT
. root lies between 0.6796 anc 1 ! . = =2.824
_ X Okao TCOSTC
th « . a R N . :
5t jteration, Take x, =0.6796, f (%) =-0.00652 : - %2 008, X, Sin X, — COS.X,
x =1, f(x)=1 . i X, COS X,
- (0.6796)(1) = (1)(=0-00652) _ o1 e _(2:824)°(-0.95)~(2.824)(03123)+(095)
1+0.00652 . (2.824)(-0.95) o
\,Ao‘mwamv =-0.0015517 2 . .
: L o T COSXy — X, Sin X, —COsX,
Since /(0.68168) /(1) <0 _ : % o8,
) s . w ) ’ . ,, 3
~. oot lies between 0.68168 and 1 L ~ (2.8022) Alo.wbwovlﬁw.wowaowwwov+Ao.§w$, ,
I =2.797

(2.8022)(~0.9429)

6" iteration, Take x, =0.68168, f(x,)=-0.0015517
x =1 fx)=1
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Sel.

INTERPOLATION

Using Hermite’s interpolation formula, evaluate log(27) from the mo=o,<<m=m daty.

x: 2.5 3.0 .
y=logx 0.91629 1.09861 (September 2013)
&b = 1 0.4000 0.3333
dx x
2.
Here X, =2.5, x =30

¥, =0.91629, » =1.09861 Sol.
v, =0.4000, ¥y =0.3333
n=1

The hermite interpolating polynomial is .
! ’ ! 2,
P =Y [1-2(=5)1 () L @] o+ 2 (=0 L ()] A
. i=0

i=0

HT - M?Ikov&?o vH_To A»EN Yo +Ttw?l3v~_\?_ VH:”N_ Akﬁu N
)b =@ A @

Now L{x)= XTh X3 g gy
X, —x 2.5-3
J(x)= X=X, Hx!w.mumxlm
x~x, 3-2.5
L{x)==2 = I (x)==2
L(x)=2 = I(x)=2

Putting these values in (1), we get
P(x)=[1-2(x-25)(-2)][6-2x] (0.91629) +[1-2(x~3)(2)]

_im:uo_mzo_g
—_—

C-83

[2x— 5] (1.09861)+(x ~2.5)(6—2x)" (0.4)
+(x—3)(2x—5)(0.3333)

Putting x =2.7

P(2.7)=[1.8][0.6] (0.91629)+[2.2][0.4]" (1.09861)
+(0.2)(0.6)" (0.4) +(~0.3)(0.4)" (0.3333)
=0.59375+0.38671+0.02880 —0.01599

=0.99327 _

= log, 2.7=0.99327( approx)
Also log,2.7=log,(2.7)(10)
=log,10+log, (2.7)
=(2.303)+(.99327)
=3.29627(approx)

Show that the nth divided difference can be expressed as the quotient of ?ﬁ,v

determinants each of order A=+C. (September 2013)
Consider the first divided difference of the function f(x).
??HLH .\Ax:l\Axov
X T X
HT?_V \A».ov R
Pl 1 1
Again consider the second divided difference
X%, | =[x, %,
T?R:HLHM : Mlmnoo L
S-S ) fln)
(=0 (xn—x) (5—x)(x-x)
S I B PY f(x)
(q—x)n—x) (u=-x)%-x x-x Y - x) (- x)
) )
(x =)0 =x) (xn=x)0a-x) (n-x) (- %)
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C-86

Sol.

) (3] - ERNEERLE] e gy

X, <X<X
(n+1)! 0 "

?lxcv?lx,v...?xk_u t) (g),

<x<X
?‘ZV_ 7 o' "

- Ervor =

Using Newton’s divided difference formula, prove that:
» Ak+5 AH+5kAk 1)

flx)=r(0)= xAf (-1)+ A f (1) + A f(=3)+ e

For the arguments 0, -1, 1, -2, Nu e the divided aﬂmﬁgoo formula is

\Axw =Y +Aalxov>n§ +?I§Xxlumv>ut\o +?lx&?|3%x&a&>ﬁ§ F,

ie. MAHVMNASW?IBDQO+?18?1 ~1)) A%,
o a(a=0) (= (D) (= DAy e ,
ie. f(x)= \on+y>t\o+x?+:>t\c+»?+5?ﬂ 1) Dut\o ...... )
e SN0 SO
Now Dm.ﬂoim—lxcl 1o olAIC !D\A 5
A \,mcubmv\_ AT - 1 Vo= N~ h
X=X, %X %TH AT
3 [0SO A=A 042/ ()20
1m0 1-0-1) ~1-0 2

_F)-2/(0)+ (=)

~
L

B ()28 (<) f(-1) _(E

e f(-1)  (E-1) £(-1)

2 = = =
or Xl = 2 2 | 2
2/ | | [-a=E-1]
2t :
Ay lbq«r -4, % - 1A=k I,\AGIN\AOT,\ALV
o XX X, — X, Xy X 2
‘ (Using (i1))

F0)=2£(0)+ £ (=)

1 [ Vi~V Va7 |
alwlﬁld X=X, XX 2

(April 2013) ‘

_ interpolation _
- Intempo ‘ — - c87

Sol.

[ (1= SO S0)=270) /()
) 2-1 1--1) ) 2
HLTTNIAfx?;»i:«xcv 2/ (0)+f(-1)

2 3 R e T
1 ﬁ F(=2) =2, (1) +37 () =3/ (1) -3/ () +6/(0)-3/(-1)
2 6
_2/(=2)=2/()=6/(-)+67(0) _ f()=/(-2)-3/(0)+3/(-1)
12 6
_Ef(=2)- F(-2)-3E f(-2)+3Ef(-2)
6
(B -1-3E +3E) f(-2)
- 6
_(E-0)'S(22) _A7(2) A=)
3t 3 :
and so on.

Substituting these value in (i}, we get,
\ c=1)x X _
.\,Aﬁ = \on + xb\AIG * ? 21 vk DN\T:.T ? +$x? C

3!

AP f(-2)+

Given that f(1) =4,f(2 )= \A \ﬂ 8)=4. Find the ﬁm.:m of \AS by using

Lagrange’s formula and also find x mo.\ which \Axv is max. or minimum,

»

(September 2012)
Using Lagrange’s formula, we get :
_ (x=x)(x—2%)(x—x) (x=x,)(x—x)(x—x)
flx)= . o) T : — 1
=Gl s ) )

—x,)(x=x)(x=%)
A XxNIx_XxN!xww

—x,)(x=x)(x~x,)
Aw ev?ﬂwlﬁx
A 2)(x~

-2)

\ARL,

RN» :

N8, (0E=D6-Y
(=709 ;
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C-90-.

Interpolation

8.

Sol.

L6 mmumﬁxamnaoxamuméx@ 8182)
amw 654)(658-659)(658-661)

, (656654 )(656-658)(656 - 661) Gm;ov
a% 654)(659—658)(659 - 661)

(656 —654)(656—658)(656-659) (28202)
+€2 654)(661-658)(661-659)
_(2)3)(=) (2)(=3)(=5)
T vxﬁ.w;@ OEE wa@.§§
(2)(=2)(=5) (2)(-2(=3),

+ 50 %(2.8189)+ 00 x(2.8202)
=2.8168 (nearly)
Hence log,, 656=2.8168

The values of sinx are given belo

w for different values of x. Find the value of

sin32°. (September 2010, September 2009)
x 30° 35° 400 45° 50°
y=sinx’ 0.5000 0.5736 0.6428 0.7071 0.7660

x y=sinx Ay X%y Ay Ay
30° 0.5000
0.0736
35° 0.5736 -0.0044
0.0692 -0.0005
40° 0.6428 —-0.0049 |- | 0
0.0643 -0.0005
45° 0.7071 —0.0054
0.0589
50° 0.7660

Here x, =30°, y, =0.5000, h =5° and x=32°

X=X,

h

ES

32°-30°

=04
MO

C-91
By Newton’s forward interpolation formula, we have

F(x)=y, + @-:R; L 2(p=1)(p-2)
_ 3!
21

:P; Ayt

£(32°)=0.5000+(0.4)(0.0736) +

ﬁo.m&ﬁo.hwao.hl 2) % (=0.0005)

~0.5000 +0.2944 + 0.000528 — 0.00032
=0.299

x(—0.0044) +

Find the polynomial of the lowest uomw.vmm de
gree which assumes 1
33,5,9and 1355 at x =-4, -1, 0, 2 and 5. Also find the value of Q_MMNQMMW:SWW
ial a

abscissa 1.
Since the magnitudes of x are not equi-distant, therefore, we cmﬁw m%wmﬂ.%% M N% Sw d
ivide

difference formula

The divided difference table is

=) | A, f(x) DQN\;T& D%\Akv DQA\AHV
1245
B-1245_
—1-(-4)
33 -28—(-404)
, AT oa
0-(~4)
5-33
e 10-94
0-(-1) ("
- ——
Namﬂﬁ N 13~(-14)
) ==
w‘ltmnw 8810 -13
-0 s-(-1)
) 442 -2
sg o8
1335-9
=
1335
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c-94 ) . Interpo

——n — « S C-95
L(x)= x=x _x=0 uWUi»\van N_\?;nw Here x, =40, h=10andx=45
B 6-0 6 6 6 Loy XT% _45-40 5 0.5
N (61 " h 10 10
P(x)={1-2(x-0 ¢ ) 0
(x)=|1- (x-0) = c (0) By Newton’s forward interpolation formula
_ _ -1) (p-1)(p-2)
2 flx)=y, +pA +;Rbg A? ,+El| 3
+ T%Ts.w. @ (-6) . : (x)= 20 % payo + =58 3 Ay
2 2 +m§|c§lwvglwv>€. +
6—x X . 41 } o
+(x) < (2)+(x-6) i (—4) o . Ao& s .
. o f(45) nw:Ao.mX#w:LLxGJ +Ao.mvmo.m!~xo.ulwvx _
IPRCEEY EATIE. Ui Bl . = 7 m (-29)
3 6 18 9 . . . (0.5)(0.5-1)(0.5-2)(0.5-3)
3 2,3 2 3 > 24 x(37)
¥ —=0x? +x° +36x—12x" = 2x +12x° .
= T : =31+42-125-1.5625-1.4453
\ , =47.8672
=X 42 ’ = 48 nearly
2 ) . Number of students getting marks between
40 and 45=48 -31=17
13. Use appropriate interpolation method to estimate the number of students who
obtained marks between 40 and 45, from the following table: (April 2009) " 14 Tind th . .
Marks: 30— 40— 50— 60— 70— 14. :._ the polynomial of least degree which attains the prescribed value at the given
. 40 50 60 70 80 points: |
No. of 31 42 51 35 31 g X : 2 3 4 5
Students f(x) . ; g C
Sol. The difference table is : 12 16
¢ Sol.
gﬁwm (x) No. of Students () Ay Ay Ay Ay : - . ‘ .
, _ x &) Af (%) A (%) 270
Below 40 31 . . .
: ,, : 2 7
. A.N .
. 2
Below 50 31+42=T73 9
3 9. I
51 -25
Below 60 73+51 =124 -16 37
4 12 1
35 12
4
Below 70 124 +35=159 —4
5 16
31 Using Newton forward T lation ft
on forward Interpolation formula, int i Al te o
Below 80 | 159 +31=190 p(r-1) (p-1 ) @wasﬁam polynomial is given by
— . f)=for o+ = >S+%>S
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: 0L19’ sL
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NM+HINK
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C-98

Sol.

-1,
0049} =0
= (0049)

= (2p-1)(49)=132
181
= p=231_1 469
P="R
= x=0.60+(1.8469)(0.05] =0. 692

Using Newton forward Interpolation

s 00066+

y =6221+(1.8469)(-0.0066) +

= .6221~0.0121895+0.0038321
n.az

. Minimum value of y Onoﬁm atx

(1.8469)(. Mﬁ%v

Numerical U._mm:w::mzo:

formula’

e (:0049)

=0.692 and minimum value y =0.6137

From the following data, find M.M at x=1.05: Ammw.ﬂmivm-. 2012)
x = 1.00 1.05 1.10 1.15 1.20 1.25. 1.30
y=1.00000 | 1.02470 | 1.04881 | 1.07238 | 1.09544 | 1.11803 | 1.14017

As derivatives are requirec at x =1.05 which is near the @nm::::m of En table, so we

use Newton’s forward formula.
Here we take x, =1.05, h=0.05
,Ea 922,27 table is

] 100y | 10°ay | 10°A%y | 10°4%y | 10°A%y | 10°A%y
1.05 | 102470
2411
110 | 104881 —54
2357 3
1.15 | 107238 =51 1
2306 4 3
120 | 109544 —47 )
T 2359 2
125 | 111803 45
214
130 114017

ymerical Differeritiation

C-99

By Newton’s forward formula

dy ! Aly, Ay, aA* AS
- =—| Ay, — 9+ 0o 2N Yo
dx ... h Yo7 3 3T e
dy
i K L PYPS LV SO
dx }gs  0.05 2 3 4 5
1
NA:.*.N‘N+H 0.2
Sy 5+0.6]
243935
0.05
=48787
dy
- =0.48787
dx .

x=1.05

3, Find f'(2.5) from the following table: (April 2012)

x ;. (15 |18 |25 |3z |43 )
fx) : 3.375 | 6.059 | 13. mmm 29.368 | 73.907 ‘ Gm 579
Sol. Since values of X are not equally %mo& we shiall use chﬁos s a::aoa m_moﬁsoo
formula. :
x f(x) Ay f(x) A f(x) D%\?v D%\?v D%\?V.
1.5 3.375 .
6.71
1.9 6.059 4.882
12.61 19.382
2.5 13.625 6.29 6.187
22.49 8.591 2.589
32 29.368 15.997 7.179
40.49 14.51
43 73.907 . 28.938
76.67
.9 196.579

5

Axvn\?ov‘ixlxov a.\?\ov A
(x=x Ax R_V?INLDM\?&V

( %) (x=x)A, f (%)

f ~x ) (x=x)A (%)

+Hx—x, Axlx_v?l
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Numerical Differentiation

C-102 Numerical Differentiation
, _ I— et ation C-103
2 15 -15 40 0.224 0.001 o0
- = [=72 21| 4583 20011 0.007
- : = =y 0.213 | 0.002 R
] 10 : 23 4.796 20.009
Z 6 3 | 0.204
) ‘ , 25 5.000
5 2
, .
. To Calculate g and 4y . L1615 1
From Newton’s forward formula, we have : dx J dx’ e P 2 3
3 4 5 .
i _1 Ay, — Ay, 2 A% Ay, Ay From Newton’s forward formula
| k2 3 4 5 . (39 =69+
, dy 1 .Aw.eld 3p-—6p+2
b . e = — + 2 3
MNN HM Av|.wl||~|®..l||Onl‘NmN| & -y h .v\o 21 D.w\c.f 3t Dv\o
), 1 2 3 405
leﬂ.W|ml~o\E.bnlw<.o S . +An€wlgm%~+wwﬁlmv>b%
1 11 5 (i
and m.xw. =7 Dmv\olbwv\‘o+m>€o Imbmwc.f ........ 4l
(5p* —40p° +105p* —100p+24)
" + Ay,
@y Ll (Cig) L a0)-2(-72) | | !
dx” | Cv- 12 6 : :
1 (0) (~0.25) 1)
=3+18+36.6667+60=117.667 : =21(0.250) +~—2(-0.01 W) (—4.4375
| | | (0:250) +°5(-0.014) + 2—2=5(0.002)+-72(~0.001) + . :o.oos
6.  Using the following table compute f'(16) and f7(16): (April 2010) =0.1249
15 17 19 21 23 25 , :
x | . o) Ly s ety + 222002 22)
f(x) 3.873 4.123 4359 4.583 4,796 5.000 | dx? » P Yo TP Yo 4 A%y,
Sol. , _
z 20p° —120p% +210p —100
| x y=f(x) | & A'y Ay A'y Ny +A b nu_ P v>€o
15 3.873
1 7 -2
0.250 =2 To.ozvixo.mxo.sv+MTQ.8:+A N*.&Ao.oowv
17 4123 0014 : 3!
1 : .
0.236 0.002 , uMTo.oaaTéoao:
19 4.359 -0.012 -0.001
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1.  Use Gauss quadrature formula to evaluate: ;mm. Am%aivmn 2013)
x
Sol. First we transform the interval (5, 12) to (=1, 1)
Here we have a=5, b=12
Now xuw?lav~N+M@+avnE
2 2 2
sodx= Nm:
2
sl = x(swixN&:
Tu+17 2
1
=7| ——d
b Tu+17 !
3 3
= ‘NM wg(u,) = ‘NM S_.NA: )
I=1 i=l
H .

h ) == von=3
where g(u,) T i1 (v n=3)
Putting the values of abscissae and weights corresponding to »n =3 from standard table,
we obtain
1=7|(0.55555) ————— | +(0.88889) ———

17 +7(0.77459) 17+7%0

1

+(0.55555)| ———
17+7(~0.77459)

1
2242213

1

=7|(0.55555)
11.57787

+(0.88889) w +(0.55555)

Numerical Integration o ) ) : C-107

P

= 7[(0.55555)(0.44599) + (0.88889)(0.058824) +(0.55555)(0.086372)
- 7[0.024777+0.052288 +0.047984]

=7(0.125049)

. =0.875343
= 0.87534 upto five decimal places.

oL . 2.6
2. Using four-point Gauss quadrature formula, evaluate Ti&x.
. 8.2

(April 2013)

Sol. a=02 b=26 :

S.mno.s:ZN.?o.s
2 2

Put x= =12u+1.4

dx=1.2du
1

I1=12 _.m-c.mi_.c&:
-1

—(1.25;+1.4)

where g(u,)=e

4
=1 .MM S\_.NA:L

pr
uc.%o.wﬁw&?é;,.mg_%5V
io.&ﬁ3Am-e%.ﬁ.ﬁ%éV
+Ao.wﬁ,m&?-e.mx‘:_é:.zv
io.&wzx w-s.wx.wwseii

(1.2)[(:34785)(:69306) +(.65214)(.37082)
+(34785)(.08774) +(.65214)(.16398) |

=(1.2)[0.24108+0.24182+0.03052 +0.10693]
=0.7442

. 1 1
3. Apply mmivmos,mwg rule of evaluate _.ﬂw.!&x with 7 nm. (September 2012)
x
0

1

Sol. To find Nnh: dx
X
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C-110. . ' z:Sm:o& _Emmqm»

n,e.STTO.Sd% &TOSS&M +NTO.ME§+; |
+(1.0)[5(0.57735) ~3(0.57735)" +2(0.57735)+1]

=—6(0.57735) +2
=—6(0.333333)+2
=-1.9999998+2

=0.000002
- 1= 0 (approximately)

6.  Solve the following integration using Gauss O:.manmn:qm formula I = _..k&.x..

(April 2011)
Sol.  First we change the limits of integration . :
Here we have a=0, b=1 and we put
(b—a)u . b+a
2 2

the values of zand bin x =

o= M du
2

Hwh_?iv%

nlMEw ;) irﬁmm?vlz +1 (v n=4)
i=1 . .
y wchm the values of abscissae and weights corresponding to n=4 moE mﬁwsawa table,

‘we obtain.

nwwo.ﬁ,\w&ﬁé,mz 14+1)+( 0.65214)(~0.33998+1)
+(0.65214)(0.33996 +1) + Aomﬁwmxo.wz 14+ i
nwﬁo.iwwoﬁ +0.4304254 +0.8738545 + 0.6473975]

=0.49999

ical Integration
erice 20" : — ‘ G111

Evaluate: _.?+xuvmx using ,m:.:uwo:vm rule with step size 0.1. Compare it with
8.1 .

mxmﬁ value. (September 2010)
Divide the range of Eﬂmmam:on (0.1, 1) into nine equal parts so that width of each part

Eoon

9
The table of values of x and y=1+x* is -
= ] 01 | 02 0.3 04 | 05
y=ltc: | 1.001 1.008 1027 | 1.064 | 1.125
x 06 | 07 | 08 0.9 1.0
yolex: | 1216 1343 | 1502 | 1729 —3%

Since n=9, a multiple of 3, so we use
Simpson’s three-eighth rule, we have
3k
.m ?.Iﬂ v&nlwn (%% +§v+wC\M +3, +§+v\M + 3+ ¥y v+wC\w+§L
w 0.1
Am :HG OOH+NV+wC 008 +1.027+1.125+1.216

+1.512+1.729) +2(1.064 +1.343) ]
um%T.oo_+wﬁ..m5+~ﬁ.poi .

==(0.3)(3.001+22.851+4.814)

2(0.3)(30.666)

uw@.sowv

=1.149975 1)
Its exact value

b C+R V&A
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Sol.

SYSTEM OF LINEAR EQUATION

Solve the foliowing system of equations by Gauss elimination method.
2 -1 1 6lx -1
21 1fx, 1
0 2 1| x -1
2 0 2)x,

W

Given system 18
2% =X, + X, =]
2x, +x, +x, =1
X, +2x, +x, =1

X +2x,  +2x,=3

To eliminate x;, %o@:a (3)==x(1),(4)==x(1), we get

2x —x, +x, =1

2x, = x, +x, =1

To eliminate x,, opeate (7)-—x(6), (8)—=x(6)
2% —x, +x, =-]

23, +x, +x, =1

5 3 -3

—x X, =—
4747 4

(September 2013)

M
@
3)
“

3
(6

(M

@®)

®
(10)

amn

gystem of Linear Equation _ ; S G5

\

7 3 9 : .
—_——X, X, = HN
Bt yNTy 12)

7

' To eliminate x,, operate (12)+—x(11)

Sol.

5
2%~ X, + X, =-~] : (13)
2%, +x, +x, =1 fon (14)
5 3 -3 : C
Speln=2 | as)
9 24

—x, =

fudd 16
5 20 A,v

From-(16), x, =

Wi

From (15), x, =1

From (14), x, =

From (13), x, =

W=

Hence the solution is
1 . 2 . 2
X ==, 5=, =1, 5, ==

3 3 3

Solve the following system of equations using LU decomposition method:
2x-3y+10z= v .

—x+4y+27=20
S5x+2y+z=-12. (April 2013)
Given equations can be written in the matrix from as AX =B 1) )
: 2 =3 10 x 3
Where A={-1 4 2, X=|y|,Y={20
5 2 1 z ~12

Let A=LU 2)
where

L, 0 0 1wy, wuy
L=, 1L, 01 U=0 1 u,

Ly Ly I #o 0 1
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System -of Linear Equation . c
. o A " C-119

———

c-118 L - v ~ System of Linear Equation

_s o, b 00 bbby
N 253 10 Where L=|1, 1, 0 |and L'=|0 1, I,
.mWoB@YCMH% o Ly Ly Iy 0 0 I
-3 3 -
L2 s : . TMHN:OON:NN_N:
X .
o 1 4114 ..mﬁoECv;_ 2 3i={L L, 00 L, I,
5 ) 5 (1 3 6] |L L, L]0 0 I,
0 0 1[|Fd |2 . = =10, =1
L i Lo : o . L, =1 ....NEU;
lewv;mxuw, : @ . . : L, =1 =1, =1
. 2 2 . ’ . 2 2 L2
} Li'+L, =2 L, =2 [, =1
14 43 A
yroz=_ B ©) by + 1k, =3
z=2 , . (6) . | . . . Nﬁu,ll.'iwlwxﬂnw
43 14 o]
From(5),y=———2
Chy=—=-7 =1
lmlmw.lw . <y =1
5 5 - , 100 111
mSEAbvxuw*IMwImm . S~ L={11 0land L'={0 1 2
. 2 2 , 1 21 00 1
33 _ . -
um+mv&1wxw . From (1) and (2), we have
) . R . : NL ’ =
=6-10=—4 | (LL)x=5
Hence the solution is x=~4, y=3, z=2 = L(L'X)=B
. Putting L'X =Y
3. Using Cholesky decomposition method, solve the equations: where
xtyt+z=3 , : o iy ¥,
x+2y+3z=6 . v ; Y =|y, |, wehave
x + 3y + 6z =10. (September 2012) .
Sol. Given equations can be written in matrix from as AX=B - 7
, LY=B
111 X 3 :
Where A={1 2 3|, X=|y|,B=|6 1o 0}y 3
1.3 6] |z 10 =110y, =16
. , 1 21
Write A=LL »l 10
%_Hw
Wty,=6 =y,=3
W+2y,+y; =10y, =10-3-6=1
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C-122 . : System of Linear Equation

&

9 nfs«mx 2.426-21.926)=3.572

Putting x=2.43, z=1.91 inthe second equation, we get

2 HWGNl.me.&;_wa.E

um.ﬁwuz.ww&.ms nw.ﬂ
Putting x=2.43, y= .w..,mq in the third equation, we get

pe) uww.n:?m.&xw.éneowm

Iteration 3. Putting y=3.57, z=1.926 in first equation, we get

%) n%amlmxw% +1.926)=2.426

Putting x=2.426, z=1.926 in second equation, we get

15
Pufting x=2.426, z= 3.572 . in third equation, we get

Ng umma Slwtm;w.msvn@wm.
We observe that the values obtained in second and third iterations are m:mmo.»m:m% close.

Hence x=2.426, y=3.572, z=1.926 is the required solution.

Solve by using Gauss’s elimination method, the following system equations:

Ix+6y+7=3, 3x+2y-2g=2 Xx-y+z=6. - (April 2012)
2x+6y+z=3 = (1)
Ix+2y-2z=2 : )
x—y+z=6 6)
. L3 1
To eliminate x, operate AwmlMAC , QIMGV
2x+6y+z=3
7 -5 -
~Jy——z=— 4
YT 4
z 9 : .
by f—=— ' 5
YTy S
L. . 4
To eliminate y, operate (5) IMTG

2x+6y+z=3

System of Linear Equation

C-123
7 -5
yp—tg =
’ NN 2
5,8
27 14 © -
83
From (6), z=—
35 v
From (4), vnw 3 78 uHmm”HmM
7{2 . 235 70 35
From (1), anw 3-6 =88 14
24 . 70 /) 35)..5:
Hence
14 -29 83
X=—, V=77, Z=7r
5 35 35
7. . Solve the system of linear equations
2x+4y—67=-8 )
x+3y+z=10
2x—4y—2z=-1 by Gauss elimination method. (September 2011)
Sol. 2x+4y—6z=-8 08
x+3y+z=10 2
2x—4y=2z=-1 3
To eliminate x, operate .w lwx 1),(3)-
| (2)-3x(0.(3)-(1)
2x+4y—6z=—8
y+4z=14 (€3]
~8y+4z=T @
To eliminate y, (5) + 8(4) ~
2x+4y—62=-8
. y+4z=14
36z=119 (6)
119
z=——
36
From (4), y=14—-4 moy_ 7
36 9
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System of Linear Equatioy,

5 -2

where A=|7 1

R

I, 0 0}

LetA=LUwhere L=\l L, O

Nw_ NwN Nww
5 2 AQ (L, 0 01 u,
7 1 SS|=\h Iy 010 1
307 4] i, L Lo 0
L, L JARTAN b

=\ 0, Ly, i Lyt + ot

T.: Ly, +1y Lty + gty + Ly j

Comparing 1, =5, by =7, b=
M -

-2 19
:_anml, ::Hm“ :Bnlml
= SR Sy 1

59 25 %~ o
Now L(UX) =B
: 0y,

Putting UX =Y where Y=\,

Y3
LY =8B
r ]
5 0 it
19 M»v\_ 4
7 = 0 v, I= 8
: > 2 10
, a m
L5 19
,”V mv\_nk = v&“
19 12
Also Q,S.TIW.HNHMUV\NHMW
41 327
—y, =10
Also, 3y + : g ¥y

1

Uy

Uyy

1

]

UPICE

—0

gystem of Linear Equation

= ¥ H.lﬁ
327
Now UX=Y
o2 1] ]
A
0 1 Ty y|= 5
0 0 1 |15 46
I I bl
-}
327
Also wlwmﬁuw@l nmm
194327 19
.
327
Zmoxlm 284 +w 46)_ 4
- 5327 5327 5
L2
109
Hence the solution is
246
109" © 327 327
10. Solve using LU decomposition:
2x+3y+2z=9
x+2y+3z=06
3x+y+2z=8 (September 2010, September 2009)
Sol. Given equations can be written as AX =B
where
23 1 x| 9
A=11 2 3|,X= ekuﬁ@
ERTEI S A
Let A=L U where
L, 0 0 o, u,
L=1L, L, 0,U=10 1 uy
L Ly I 0o 0 1

C-127
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C-130 . S . _System of Linear Equatj,
—ation
31 B
2 24X N 2
0 1 Slyl=l»i=|3
0.0 1)z Vs S
18
3 z 9
+yp+—=— 4
T2 @
y+5z=3 &)
5
) 6)
18 : A
5
mﬁoEvaw+mxﬂwHw
25 29
or y=3——=—
8 18

From (4), x+2x 22+ tx=2

2 18 2 18 2
xuwimmfwlm
T2 12 36 18
A
Hence the solution is x HWMu Mmm and z=—
18 18 18

11.  Solve by Jacobi’s iteration method, the system of equations:
Sx—y+z=10
2x+4y=12
x+y+5z=-1 (April 2010)
Sol. The given equations can be writien as

HMWGOJ.J\INV

y=7(12-2) | ™
anﬁlﬂlxlwv.m

Let the initial approximations be x=2, y=3, z=0

Iteration 1. Putting the initial values in right side of 0

%nweo&xs”g

. system of E:wmﬂ Equation . . : C-131

y? uwcwlpxwvnmb

Na.uwTTMLTL.N

Iteration 2. Putting the values obtained in the first iteration in right side of (1), we get

Ps uwcoi.oi.wv =2.64

o uwc?wxwg =17

2 u.W.TTN.me.snL.S - ‘
Iteration 3. Putting the values obtained in the second iteration in right side of (1), we
get , .

A ==(10+1.7+1.12) =2.564

1
5
P uwcwiwx 2.64)=1.68

1

S0 nwAL -2.64-1.7)=-1.068

Iteration 4. Putting the values obtained in the third iteration in right side of (1), we get
A uwco +1.68+1.068) =2.5496

yt HWELXN.M%T:&

A9 nwf —2.564-1.68)=~1.0488

Iteration 5. Putting the values obtained in the fourth iteration in right side of (1), we get

P nw.coi.:wi.o&mvnN.&w
D

Y == (12-2x2.5496) =1.725

2 an_ ~2.5496~1.718)=—-1.054

Tteration 6. Putting the values obtained in the fifth iteration in right side ¢1'(1), we get

MO nrsi.swi.oﬁv =2.556
b
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C-134 Algebraic Eigen Value Problems Algebraic m.ﬁm: Value Problems
oblems e C-135
- 4 - 4|. -
0 1 4 31T -0 0
3 : 11 4 .3
SV == =t-5 -2 —— 0 —— =
) 5105 s
1 o 1 2o -2 4
V10 ] - SAs s
Now p=1=20¥v" : L .
- 1 =5 0 :
0 =|-5 mw lww
100 ; ) . 25 25
=0 1 0|-2|-—=l0 = = . 14 1
0 — —
00 1 ,\WIO Jio 1o _ , , L 25 25
b which is the required tri-dia 1
T\al | gonal form
7 2. Using Power method, find the I i .
o ﬁo o | | | ! _m urw Iargest eigen value and the corresponding eigen
L
Lo 1 ol-2lo 9 3 . | vector of the matrix {1 2 0], (April 2013)
10 10 0 0 3
0 0 1
31 .
° % T }
i L - - Sol. Let the initial eigen vector be X =i0
1 0 0 0
g A 3 16 1)i1] [1 1
= R then AXP =1 2 0l0|=|1|=1]1|=1xV
. 3 w.l 0 0 3])i0 0 0 |
| 5 5 The first approximation to the eiger i i ;
Hence we have 1 o the eigen value is 1 and the corresponding eigen vector is
\ﬁ Hw% ) , vAA_V = H
— ~ A O
1 0 0 1 0 0 : .
. 3 1 43 . 3 16 1M . :
— I -z o m_
=i0 c 3 4 W w 0 s 73 Hence, wehave A X' =11 2 ollo|=|3]=704|=7x?
0 34 ’ 0 34 00 3jj0) 10) [0 ]
L 5 5 L 5 5 - The second approximation to the eigen value is 7 and the corresponding eigen vector
. [
is _ .,
X =104
0
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C-138 Algebraic Eigen Value Problemg

——

4, Compute eigen values- and the corresponding eigen vectors of the matriy
-2 2
2 -2
(April 2012)

Sol. The largest off diagonal element is

using Jacobi method.

. . cosB —sind
Transformation Matrix P=| |
sin6 cosB
o]
RNy
R
V2 2
1 LIRS
(-2 2
Now PAP™ = 2 V2 V2 ,,\m
Lol 2o
J2 2 V2 2
=4 0| . .
= 0 0 which is diagonal matrix

... eigen values of matrix A are 0, ~4

5. Using Given’s method, reduce the matrix to tridiagonal form.

W == N9
S
W N W

(September 2011)
Sel. Given matrix has os_v\.os.o non-tridiagonal element a,, =(3) which has to be reduced to
zero. Hence only one rotation is required.
To annihilate «,,, we define the orthogonal matrix in the plane (2, 3) as
I 0 0
P={0 cosB -—sinB
0 sin® cosb

Algebraic Eigen Value Problems

where 8 is given by, S:oﬂﬁﬂ%ﬂw
;;
sec’O=1+tan’6=1+9=10
1
oosect0=10 = c0sf=——
J1o
mENouuloo%onﬂanN
. 10 10
3
= Sinf=—=
Jio
1 0 0
1 3
s P=I0 = ——
Jioo Jio
0 2 L
L Vio o
1 0 0
Sothat P =P =|0 3
v Jioo 1o
0o = L
L Y10 V1o
1
! 0 0 5 1 3 1
 P4P =0 L2 1 4240
B J1o V1o 3 3
3 1
hoe— 0
REEENTORNITY L
2 1 3 1 0 0
RTINS VO P U B
Jio Jioo Jio Jioo o
o 0 30,3 L

- gl- -
2

=

C-139
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C-142

99838  .05688 j
P, =|-0.05688 .99838 0]
0 6 1

99838 —.05688 0| 3.35356 -—.32583

A, =P AP, =|0.05688 99838 0|/ —32583 -2.34514

0 0 1 0 19293

99838 05688 0
~0.05688 99838 0

0 o 1]
337206 0 =0.01097
A=| 0 - -23637 19261
|-001097 19261  2.03737 |

Largest off diagonal elemeént a,, =.19261

2(.19261
an20=—2% - ( ) e=_004364
a4, —a, (-2.3637-2.03737) ,

i 0 0
P=|0 99904 * .04362
0 —.04362. .99904
10 0 337206 0-
A =P AP =0 99904 —04362 0 23637
0 .04362 .99904 | -0.01097 .19261
T 0 0
0 99904 .04362
0 04362 99904

337206 © 0 —0.01097
A= 0 -23384 38365
~0.01097 38365  2.0121 |

We finally take eigen values
(3.37206, -2.3384, 2.0121)

0
19293
2.0737

—01097
19261
2.03737

_m.mmv_v‘m,movmmmm:y\m_cmﬁmnou_maw. g D o ) C-143

Sel.

1 61
Find the largest or dominant eigen value of matrix |1 2 0] by power method.
R A 00 3l
(September N.SS,
! S
ﬁmﬁ %w initial ng vector wn xO=0
o|_
1 6 141
then AXP={1 2 0]/0|=|1|=11 sz_
0 0 3]J0} [O

The first approximation to the eigen <,m€m is 1 and the corresponding eigen vector is

16 1][1] [7 T N
Hence, we have . AXU=|1 2 0}/1|=|3|=7104|=7X"
: . 0 0 3j0L {0 0
. The second approximation to the eigen value is 7 and the corresponding eigen vector
1

18 Nc =1 0.4
0 ‘
1 6 11 3.4 1
AXP=|1 2 0]104|=|18|=(34) 052 =3.4x"
00 3fo | |o 10
o6 11 7 (412 AU
AXD=1 2 0] 0.52]=|2.04|=(4.12)| 0.49 =4.12X9
0 0 3J0 | [0 | 0
16 171 7 [3.94] 1]
AXW=|1 2 01/0.49|=|1.98 |=(3.94)| 0.50 |=3.94X"
10 0 3j0 | {0 | L0
e 11 141 [
AX®={1 2 0/050]=|2]|=4]05|=4x®
0 0 3jlo | |0 0
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C-146 , ) ] B . .. Algebraic Eigen <&cm.vqoa_ms

203 1
9.  Transform the matrix |3 2 2} to tridiagonal mo_‘z,m:wm:m mc:morc_%n,m..iﬁroa.
12 1] . )

(September 2009)

Sol. Given A=

S I S ]
[N S A
NI

s=ya, +a; =P+ =410

0
Taking V= | v,
V3
» 1l
<~»H.~1~1H+W_W Hm, r,l.o.vl Hg
2l s ] 20 o) 2410
N<~<Aua: = N<~<.),n|~l

4" 210 (3+10) .
(1 0 0

P=I1-2VV =0 1-2v" =2y,

0 2wy, ~1N<uN

1 0 0
g =2 =L
7o Jio
L
NI
Hence A, = PAP
10
- - - -1
=0 — —|I3 2 2]0 = ——
,\a,\a_NH Jio V1o
-1 3L -1 3
0 —— —= 0 — —

. . < § .
>_©.m.§m6 Eigen .m_.cw _uac,_mﬂ.:m. . _ C-147

10. Using Jacobi’s method compute all the eigen values and the correspending eigen

Seol.

2 3 1 41 0 0
8 =7 3 -l
-0 = =l = —
Jio Jiof o o
o A Lo =L 2
L Jio ol Voo Jiol
r 1
2 —J/10 0.
31 -13
|0 — =
Jio Vo
0 uw .H~|
L J1o o
2 2 4
vectors of the matrix: /\m 6 2.
4 2 2

The largest non-diagonal element is
a,=a, =4>0

Since a,, =a,, =2

2 2x4
ﬁm.dwmﬂ. Q: Hrllllx HuwIHoo
Gy —ay  2— 0
s 20=2 - 0="
2 4
. cos® 0 -—sin®
The transformation matrix P; is 0 1 0
sin§ 0 cosB
Aoy L
2 2
=0 1 0
1 1
) =
J2 J2

* (April 2009)
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Sol.

NUMERICAL SOLUTION OF ODE

Apply Milne’s method to find a solution of the &m,.wmqmzmw_ equation.
m iixtat x=08, given that y(0)=0,(02)=02027, (04)=04228 ang

%AP@ =0.6841, (September 2013)

2

Here \AXQVHT.VQ

Taking 7 =0.2 wehave x, =0, x,=0.2, x, =0.4, x, = 0.6
v, =0, y,=0.2027, y, = 4228, y, = 0.6841

2

fi=l4xp =1+0x0=1

£ =143y =1+(02)(0.2027)" =1.0082

1, =145y, =1+(04)(0.4228)" =1.0715
=141y, =1+(0.6)(0.6841)" =1.2808

To determine Y4 H%Ao.wv , we use Milne’s predictor formula

4h
Ya=Xo +|wlﬁwh -/ +N,\L

no+wmomwx£o%#3;+Nx5mom_
_(0.8)(3.5065)
- 3
=0.9351
x,=x,+h=06+02=038

o £ =1+xy. =1+08x(0.9351)" =1.6995

Using Milne’s corrector formula, we get

Numerical Solutions.of ODE

Sol.

" h T
53 =) +MTw +4f; +\L

=0.4228+ mwmc 0715 +4x1.2808+1.6995]

=0.94908 .
£ 21w x, (70) =1+0.8%(0.94908)
=1.7206 o
Again applying the corrector formula, we get
2 h
R AT AT A
U .

=0.4228+ MWWT 0715+4x1.2808+1 .qmoﬂ

=0.9505 |
Hence v\howv =0.9505

If %Akv satisfies the differential equation ' = x - y* with %ASHH use Taylor’s
series for %AHV to find .io.“& correct to three decimal places.

(April 2013, September 2012)
The given equation is y’ = x - y* and %on =1 .

ox,=0 and y, =1

<o\ on!<e~ =0-1=-1

v =12y oy, =12y, =142=3

V==2(y) =29 nye ==2(%) =20y
= 2x]-2%X1x3=-8 o

iv m

= I»v\v..a 2y - yy" = —6yy" =23y

¥ = =6yeye = 2¥eYs
=—6x(~1)x3-2x1x(-8)
=18+16=34

¥y ==6(y) —65Y" =2y - 2"
=—6(y") =8 2"
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C-154 B _ : Nurerical Solutions of GDE

=(0.1) (1.1, 1.8969)

=Ly +(eo60y] :
=(0.1)(4:808) =0.4808 |
.. By Runge — Kutta fourth order method, we mmﬁ

=y(L1)=y il

+—(k, +2k, + 2k, +k,)
m

=1.5+= ? 325+2(0.3866)+ N,B%%v_ Z&E = H.%&

To %Sasz ¥(1.2), we QS x =11, ~1.8954 mza h= oH
s k= ()= A (L ;omé
n?.:?.: +(1.
Rk
k, Hw\mﬁ‘rm.u\_._.mnw,

=0.1/]1. ~+W.H. 1. m@mh+oﬁwoa

2 2
no.ira, 2.1355)

8954)" 1= 0.4802

=0.1[(115) +©.;&$ = 0.5882

h k,
ko =hf} x +—, 2
L =h] X 5 »nt D

0.5882

=017 115, 18954+ ===

=0.1/(1.15, 2.1895)
= (0.1)] (1.15)" +(2.1895)" | = 06116~

=hf (% +hy +E)=0.17(11+0.1, 1.8954+0.6116) - . .7
=0.1£(12, N.MSTOE& | v

=y(12) =y += Qﬁ +2k, +m> +\pv

=1.8954+— Ao Nxwof,NXo mmww+on m:m+o iwmv

6
=2.5041
Hence y(1.2)=2.5041

Numerical Solutions of ODE_

Sol

Sol.

Given: @w -
~dx

method.

Given @.IN+,\|I w “wno;

“ Fa)=2e

Applying Euler’s formula
V\E.Hk..+>\?:v\.,w
niivlio.i?,\:xcvuru
=y(12)=13+(0. D2+ wva 6195

i;vLS&io:

(1.2)(1.6195)) =1.9589
=y(1.4)=1. 9589 +(0.1) é.wx_.&w&vuw.zf
JI4)(23184)) = 2.6985

A

A

=y(15)=, 23184+ (0.1)(2+
= (1.6)=2.6985+ o;

/(15)(2.6985) ) =3.0996
Hence  y .C.@.H 3.0996

dy
dx

xy =2,y(1)=1, Find the value of %Acmv in steps of 0.1 using Euler

L (April 2011)

07.6:“ \uu.el,x where .X.&H‘Nw find %,?.C and .Xc.n,% ot to .?:w

decimal Emn,mm. ,
To detérmine y(0.1), we have x, =0, y,=2 and h=0.1

= (3,33 ) = k{3 = x,) =(0.1)(2—0) =

( h kY.
4»NHN~,\ﬁxo+|w|C\o+m_n .

o+|| w+wm
2

i

i

i

(2.1-0.05)
(2.05)

(011
(0.1) £(0.05, 2.1)
(0.1)
on

h k,
k.=hf| x, +—,y; +—=
3 ,\, Ko N .V\o. N

(April 2011)
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C-158

Numerical Solutions of Obg

S OYUOHPU |

[ (0.05) +(1.005)" |

=(0.1) oA

~(0.1)(0.10125) =0.0101

{1 k)

e

I l~._'_..._.._..

S

(o) -Ao.avm +Hm .oaomg

=(0.1)(0.1013)=0.01013

| Fn@w?&lv\r v\c+>wv

o) + (54
j _ 10

(0+0.1) +(1+0.01013)’
10 |

=(0.1)

[(0.1)" +(1.01013)" |
10

=(0.1)

10

=(0.1)

=0.0103

T ———

Numerical Solutions of ODE

C-159

1

=y(0.1) =y, +=(k +2k, + 2k, +£,)

6

1 .
u_+m?9+2923+N€.9§+QEE

1

=1+—(0.06076) =1+0.01027 =1.010127

6
=1.0101

To determine y(0.2), we take x, = 0.1, y, =1.0101and ~=0.1

k, H&.\ABC\_VH& Ey
16

\w

T: ::S,/
r
(0.1

=(0.1)(0.103)=0.0103
k
k, S,T_Tfiwu
- Cu )
?+wi +T.+mmw __
Zpl N 2 2 *
10
1
L J

/,N
?.I 0. ; 1 SST@@

2

=(0.1) -~

(015 i::%:

=(0.1

=0.01053

: [ 1 k,
ﬁn»l,»‘l,m\ﬁ y+ PJ,_

—

L,,_,__._,____._._.J

ey
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Numerical Solutions of ODE

c-182 ] ) Numerical Solutions of ODE

(0.1) f oim% Zm&?owwi

=(0.1)(0.15+0.5166)
=(0.1)(0.6666)

Il

0.1) £(0.15, 1.1168)

(
=0.0667
=(0.1)| 3x0.15+ 1188 1168
ky=hf (xy+h, yy +1;) 2]
=(0. v (0+0.1, 1+0.0667) =(0.1)(1.0084) =0.1008
=(0.1)£(0.1, 1.0667) ky=hf (% +hy,+k)
- (0. : 350,14 0667 o%g =(0.1) £(0.1+0.1, 1.06655 +0.1008)
2
= 0.2, 1.1674
=(0.1)(0. 3+0. mwww& 0D )
; 2 =(0.1)} 3x0. 2411674 aqﬁ*
.‘ =(0.1)(0.833) = 0.0833 =(0.1) -
By Runge-Kutta moczwg order, we get =(0. 1)(1. 184)=0.1184
=y(0.1) =y, +={k + 2k, + 2k + k
y(01)=, gl 2k 2k v h) =y(02)=y +W?_+¥~+N\m+§
=1+=(0.05+2x0.0663 + 2 0.0667 +0.0833)
6 =1.06655+~— Ao 0833+2x0.1004 +2x0.1008 +0.1184)
=1+0.06655 - 6
=1.06655 -=1.06655+0.1007 =1.16725
To obtain y(0.2), we take x, =0.1, y=1.06655 and h=0.1 Hence y(0.2)=1.16725
k n@A.«:k ) nAo.s\ﬂo.r drom.mmmv . 10, Use Runge-Kutta method to find an approximate value of y when x = 0.2 given that
1.06655 ) : i
={0.1)] 3x0.1+ > A . .mku:nk+.< and y =1 when x =0, {April 2009)
=0.1x0.833 = 0.0833
c ) ; ] Sel. Given WMH.«,TF »(0)=1
»~Hb\ﬁ&.+|u E_+|P ‘
(2 2 Calculation of y(9.1):
\. : :
=( Ml 106655 + 2222 | k ni».eiue.ioivni o :
h\ \ ) Vi \ﬂ . '
=(0.1) £(0.15, 1.1082) lm\h La Nqnﬁo.io.omf.omvuo.:
- 11082 | o S
=(0.1) wxo.UTIng %, +1;> mbu? 1)(0.05+1.055)=0.1105
d H, my
0.1)(1.0041) : | = hf (3, + By, + k) =(0.1)(0.1+1.1105) =0.12105
= ~ 1004 . Cmmmm Runge-Kutta 4" order method
.hq.. HNN\, X +,\M» » ..Tm
’ 2 2
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